A nonabelian group with equally many
endomorphisms and partial isomorphisms

A computer-assisted counterexample to Kourovka Problem 19.20

Kyrylo Muliarchyk

Abstract

We construct a nonabelian group G of order 512, nilpotency class two and exponent four,
such that
| PIso(G)| = | End(G)| = 2164 260 864 = 129 - 224,

This gives a negative answer to Problem 19.20 in the Kourovka Notebook. The group is spec-
ified by an explicit multiplication law. The endomorphism count has a direct algebraic proof.
The partial-isomorphism count is proved by exhaustive finite quadratic-map enumeration,
with exact isomorphism tests and automorphism orders. The complete printable certificate
and standalone verification programs are included in this PDF. No group database is used in
the verification, and no assertion of minimal order is made.

1 The problem and the result
Question. The following problem appears in the Kourovka Notebook [2, p. 135].

19.20. For a finite group G, let End(G) denote the semigroup of endomorphisms of
G, and PIso(G) the semigroup of partial isomorphisms of G (isomorphisms between
subgroups of G). If G is abelian, then | End(G)| = | PIso(G)|. Is the converse true?

P. J. Cameron

The trivial subgroup is included. Thus the unique isomorphism 1 — 1 and the trivial
endomorphism are each counted once; no empty partial map is adjoined. Write P(G) = | PIso(G)|
and E(G) = | End(G)|. Cameron’s equality for finite abelian groups is proved in [1].

Theorem 1.1. The group G defined in Section 2 is nonabelian, has order 512, and satisfies
| PIso(G)| = | End(G)| = 129 - 224, (1.1)

Moreover,
G = ®(G) = C3, Z(G) = C9, | Aut(G)| = 2%4.

Section 3 determines the endomorphisms directly from the quadratic square map. Section 4
proves the exhaustive counting method and applies it to the partial isomorphisms. Appendix A
contains all type records, with representatives and automorphism orders; Section 5 explains how
to regenerate them. Thus the full equality is established by a finite counting proof, without
requiring a structural bijection between the two sets.
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2 The group

All vector spaces in the construction are over Fao. Put
V=FS W=F5
Write v = (a,b,¢,d, e, t) and u = (a/,V/,,d’, e, t'). Define the bilinear map f: V x V — W by
fi(v,u) = ad’ + dd' + ea’ + dV/,
fo(v,u) = cd +dd' + eb + dc, (2.1)
f3(v,u) = bb + ec’ + ec.
Define multiplication on V' x W by
(v,w)(u,z) = (v+u, w+ z+ f(v,u)). (2.2)

Bilinearity gives
f(v,u) —I—f(v—i—u,x) - f(u,x) —|—f(v,u—i—x),

so this multiplication is associative. Its identity is (0,0) and
(v,w)™ = (v,w + flv,v)).
Thus (2.2) defines a group G of order 263 = 512.
Identify W with the central subgroup {0} x W. The square map is
q(v) = f(v,v) =(a+d+ae+bd, c+d+be+cd, b+ c—+ ce). (2.3)

Its polarization
Bv,u) = q(v+u) + q(v) + q(u) = f(v,u) + f(u,v) (2.4)

is the commutator map. We use [z,y] = 2~ 1y~ Llay.

For clarity, the same group has generators a,b,c,d,e,t, 21, 29, 23, where z1, 29, 23 are the
standard basis of W. The elements ¢, z1, 20, z3 are central involutions, and

a2 =z, b>=1z23, *=1923, d>=1z129, €*=1, (25)
[a,e] = [b,d] = 21, [b,e] = [c,d] = 2, [c,e] = zs. '
All other pairs among a, b, ¢, d, e commute. These relations collect every word to
atbP et 2P 2 a,...,n3 €{0,1}.

The explicit model (2.2) has 512 elements and satisfies the relations, so all these normal forms
are distinct.

The commutator values in (2.5) span W. Since all squares also lie in W, the identity
®(G) = GG’ for a finite 2-group gives

G'=o(G)=W. (2.6)
The radical of  on V is (t). Hence
Z(G)=W x (t) = Cy.

The group is nonabelian because [a,e] = 23 # 1. It has class two and exponent four. The
coordinate ¢ occurs in neither f nor ¢, so

G=HxCy,  |H|=256 (2.7)

where H is obtained by omitting ¢ from the presentation.
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3 A direct count of endomorphisms

An endomorphism preserves W = ®(G), and so induces linear maps T: V — Vand L : W — W
satisfying

q(Tv) = Lq(v) (veV). (3.1)
Conversely, every pair satisfying (3.1) lifts to exactly 2'® endomorphisms: the W-components of

the images of the six basis generators are arbitrary. Compatibility of all squares and commutators
is precisely (3.1). We will show that

L | #{T : qT = Lq}
0 8128

1w 128 (3.2)
every other L 0.

3.1 The five-dimensional quadratic map

Write
V:%@<t>a %:<a7b7c7d76>7
and let go = ¢|y,. The notation identifies basis vectors with their names in the presentation.

From (2.3),
qal(O) ={0,e,a+e}. (3.3)

For example, considering the four possible pairs (d, e) gives this list immediately. Directly from
the commutators,

Csle) = (d,e), Cgla+e)=(d,a+e) inside Vp, (3.4)
where Cg(x) = {v: B(z,v) = 0}.

Lemma 3.1. There is no three-dimensional U < Vp with dim(qo(U)) < 1, and no four-
dimensional U < Vp with dim(qo(U)) < 2.

Proof. For the first assertion, if the quadratic image is zero, then U has eight zero vectors,
contradicting (3.3). Otherwise qo|y is a scalar quadratic form times a fixed nonzero vector of
W. Its alternating polarization in dimension three has a nonzero radical vector v. If go(v) = 0,
then (3.3)—(3.4) force U into a two-dimensional (-centralizer. If ¢o(v) # 0, translation by v
interchanges the two values of qg|y, producing four zero vectors, again a contradiction.

For the second assertion, take a nonzero functional x = (r, s,¢) on W annihilating go(U). The
polar form of xqo pairs (a, b, ¢) with (d, e) through

M, =

» 3 O

s|. (3.5)
t

If (r,s) # (0,0), this matrix has rank two. The full alternating form has rank four and radical
dimension one, so a totally isotropic subspace has dimension at most three. If y = (0,0, 1), then
Xqo = b+ ¢+ ce, whose polar radical is (a, b, d). Any four-dimensional polar-isotropic subspace
contains this radical, but xqo(b) = 1. Thus it cannot be totally singular. O
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3.2 Exclusion of ranks one and two for L

Given (3.1), let M : Vi — Vj be Ty, followed by projection along ¢. Then
qo(Mv) = Lqo(v). (3.6)

Suppose first that L has rank one. Write Lgy as a nonzero scalar quadratic form times a
nonzero vector of W. Its singular radical has dimension at most two. Indeed, (3.5) gives polar
radical dimension one except for x = (0,0, 1); in that exception the singular radical is (a, d).
Equation (3.6) puts ker M in this singular radical, so rank M > 3. But go(im M) lies in a line,
contradicting Lemma 3.1.

Suppose next that L has rank two, and put J = ker L. For v = (a,b,c,d, e), the polar values
on the five basis vectors are

ez1, dz +ezs, dzg+ezz, bz +cze, az + bz + cz3. (3.7)

For all five values to lie in the same line .J, one must have e = d = 0, and then ¢ = b = 0. Hence

{v:B(v, Vo) € J} C (a).

Polarizing (3.6) shows that ker M lies in this subspace. Thus rank M > 4, while go(im M) lies in
the plane im L, again contradicting Lemma 3.1.

3.3 Invertible L

If L is invertible, (3.6) and its polarization imply that ker M is contained in the radical of the
full W-valued form f|y;, which is zero. Thus M is invertible.

There are exactly two invertible compatible pairs (M, L). Both have L = ly; one has
M = 1y;, and the other has

M(a)=a, M(®b)=b, M()=c, M(d)=d, M(e)=e+a. (3.8)

Here is a direct check of completeness. Equation (3.3) forces M to permute e and a + e, and
hence to fix a. The map (3.8) preserves qp; after composing with it if necessary, assume that
M fixes both a and e. Then Lz; = z1, and the pairing with a shows that M preserves the
e-coordinate. Equation (3.4) now forces M(d) = d. Applying qo to d gives Lzy = z9.

The pairings with d imply
M(b) = b+ aa + vd, M(c) =c+d'a++d.
Pairing the first expression with e gives o = 0; pairing the second gives Lz3 = z3 + o’21. But
qo(b +vd) = 23 + 722,

so compatibility of the square of b forces ¥ = o/ = 0. Finally the square of ¢ forces 4/ = 0. Thus
M = L =1 after the initial composition, as claimed.

Since M is onto Vj, polar compatibility forces T'(¢) € (t). For each of the two possibilities for
M, the t-component of Ty, is an arbitrary linear functional, with 25 choices, and T'(¢) is either

0 or t. Hence there are
2.25.2=128

compatible maps T for L = 1. Exactly 64 are invertible.
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3.4 The zero map L

For L = 0, the image of T" must be totally singular. From (3.3), the complete zero set in V is
{0,e,a+e,t,e+t,a+e+t}.

It contains five singular lines and exactly two singular planes, (e, t) and (a + e, t), and no larger
singular subspace. Counting 7" by its exact image gives

145(20 —1) 4+2(2° —1)(2° — 2) = 8128.
This proves (3.2). Consequently,
E(G) = (8128 4 128)2'8 = 129 . 224, (3.9)

Likewise,
| Aut(G)| = 64 - 28 = 221, (3.10)

Together with (4.10), established in Section 4, this proves Theorem 1.1.

4 Counting subgroups and partial isomorphisms

4.1 The two weighted counting identities

For an isomorphism type X, let sx be the number of subgroups of G isomorphic to X, and let
gx be the number of normal subgroups N <G with G/N = X. Put ax = | Aut(X)|. Then

P(G) := | PIso(G)| = ZCLXS%(, E(G) :=|End(G)| = ZaXsqu. (4.1)
X X

For the first identity, choose an ordered pair of subgroups of type X and an isomorphism between
them. For the second, choose a kernel, an image subgroup, and an isomorphism from the quotient
to the image. There are ax isomorphisms in either case.

4.2 Enumeration by binary subspaces

Let 7 : G — V = G/W be the quotient map.

Proposition 4.1. Fiz subspaces U <V and S < W. Subgroups K < G with n(K) = U and
KNW =8 exist if and only if
q(U) C 8. (4.2)

When they exist, their number is
m(U, S) _ odim U(3—dimS)' (43)

All have the same isomorphism type, represented by q|y : U — S. They are normal in G if and

only if
BU,V)CS. (4.4)

In that case all corresponding quotients have the quadratic-map type

q: VU — W/S, v+U+— q(v) + S. (4.5)
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Proof. A subgroup K with the stated properties has K/S = U elementary abelian, so its squares
force (4.2). Conversely, that condition makes 7—(U)/S elementary abelian: all its squares
are trivial, and polarization also kills all its commutators. The possible K /S are precisely the
complements to /S in this vector space. They form an affine space over Hom (U, W/S), proving
(4.3).

The squares and commutators of lifts of a basis of U are independent of the chosen complement,
since W is central of exponent two. They are prescribed by ¢|y and its polarization. Thus
the isomorphism type is independent of the complement. Finally, K is normal exactly when
[K,G] < KNW =S, which is (4.4). Under both conditions, (4.5) is well defined and prescribes
the squares and commutators of a generating set of G/K. O

Every subgroup gives one and only one pair (U, S). Thus enumerating all subspaces of F§ and
F3 and applying Proposition 4.1 is exhaustive, with exact multiplicities and without enumeration
up to conjugacy.

4.3 Exact isomorphism tests and automorphism orders

The groups encountered in Proposition 4.1 have central elementary abelian Frattini subgroup.
The following reduction both identifies their types and computes the weights in (4.1).

For a quadratic map qp : D — Z over Fq, replace Z by

F = {qp(D)).

This is the Frattini subgroup of the represented group. A complement to F' in Z splits off as a
central elementary abelian direct factor. Next let

Ry={veD:qp(w)=0, Bp(v,z) =0 for all z € D}

be the singular radical. This is a subspace, and qp is constant on its cosets. The corresponding
central involutions also split off. The reduced quadratic map is the induced map on D/Ry with
values in F'.

The resulting group has the form
C x C3, (4.6)

where C' has no direct factor Cy and ©;(Z(C)) = ®(C). Both the reduced quadratic-map type
and r are intrinsic: the removed radical is canonical, and any complement gives the same induced
map on the quotient.

Lemma 4.2. Let C1,Cy be two such reduced groups, with square maps ¢; : D; — F;. They are
isomorphic if and only if there are invertible linear maps T : D1 — Do and L : F1 — Fy such that

q2(Tv) = Lqi(v) (v € Dy). (4.7)
If d = dimD; = dim Dy and z = dimF; = dim F», then each such pair has ezactly 2%
isomorphism lifts. In particular,
| Aut(C)| = 2% #{(T, L) € GL4(2) x GL.(2) : q¢T = Lgc}. (4.8)
Furthermore,
| Aut(C x C5)| = | Aut(C)] 2742 | GL,.(2)], (4.9)

where | GLo(2)| = 1.
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Proof. The Frattini subgroup is characteristic. An isomorphism therefore induces T and L,
necessarily satisfying (4.7). Conversely, squares of basis lifts and their pairwise commutators give
a presentation of the group. Equation (4.7), together with its polarization, preserves all these
relations. Each of the d basis images can independently be multiplied by any element of the
target Frattini subgroup Fb, which gives 2% lifts. They are surjective, and hence isomorphisms.

For (4.9), write an automorphism in blocks relative to C'x C3. In addition to automorphisms of
C and C3, its off-diagonal blocks are arbitrary homomorphisms C' — C5 and C5 — Q1(Z(C)) =
®(C), giving 2"% and 2"* choices. The latter block is invisible on the Frattini quotient, so the
diagonal blocks must be invertible. Conversely, invertible diagonal blocks and arbitrary off-
diagonal blocks induce an invertible map on the Frattini quotient and thus an automorphism. [

The verifier enumerates all possible L and all ordered images of a basis under T, enforcing
linear independence when required. It checks the square values and all pairwise polar values.
These checks are equivalent to (4.7) on the entire vector space. Every candidate is compared
with every previously found reduced core of the same pair of dimensions. No group database or
heuristic isomorphism test is used.

4.4 The resulting count

The enumeration gives Table 1. The column > gx counts kernels giving a quotient of the
displayed order; it is not the number of normal subgroups of that order. The unweighted

Table 1: Exact counts grouped by the order of the isomorphism type.

X[ > sx  Yagx ZGX‘S%( Y axsxqx
1 1 1 1 1
2 47 63 2209 2961
4 507 651 561 398 1074150

8 1363 1395 21820072 69 136 200
16 2563 659 196562880 800573 760
32 2531 111 657056 768 1259919 360

64 1635 63 749027328 0
128 651 43 386138112 0
256 63 15 136 314 880 16 777216
512 1 1 16777216 16777216

Total 9362 3002 2164260864 2164260864

aggregate columns alone are not sufficient to reconstruct the weighted sums. Appendix A gives
all 151 type records, with representatives and automorphism orders, from which the weighted
columns are obtained directly by (4.1). There are 123 subgroup types and 36 quotient types,
using 63 reduced quadratic-map cores.

In particular, the exhaustive count proves
P(G) = 2164260 864. (4.10)

The second weighted sum gives the same value for E(G). The direct derivation in Section 3 does
not use the subgroup-type classification.
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5 Reproducibility and scope

5.1 The two verification programs

The source file verify_counterexample.py uses only the Python standard library (Python
3.10 or later). It starts from the square and commutator values in (2.5), enumerates all binary
subspaces, applies Proposition 4.1, and performs the exhaustive isomorphism tests of Lemma 4.2.
It then writes counterexample_certificate. json and counts_by_order.csv. These files are
outputs, never inputs.

The command is
python verify_counterexample.py

The same program separately considers all 29 = 512 linear maps L : W — W and counts every
compatible T" by exact backtracking, without using subgroup types. Its key output is

P = 2164260864 E = 2164260864 D = 0

Compatible pairs: 8256 1lifts per pair: 262144
E_direct: 2164260864

Compatible invertible pairs: 64 Aut(G): 16777216
ALL CHECKS PASSED

The separate C++17 program verify_cayley.cpp constructs the actual 512 x 512 multipli-
cation table from (2.1), checks the identity, inverses, and all 5123 associativity identities, and
enumerates subgroups by index-two extensions using group multiplication. Every nontrivial
subgroup is a finite 2-group and has an index-two subgroup, so this enumeration is exhaustive.
Duplicate subgroups are removed by comparing their element sets. Normality is checked using
commutators with the generators. Run

g++ -02 -std=c++17 verify_cayley.cpp -o verify_cayley
./verify_cayley

It finds 9362 subgroups, 3002 normal subgroups, and a center of order 16, with the order
distributions in Table 1 (the normal-subgroup distribution reverses the quotient-order column).
This is an independent check of the group law and unweighted subgroup counts; it is not a second
quadratic-map classification. The weighted calculation of P(G) is performed by the Python
verifier. Neither program uses GAP, SageMath, a SmallGroups database, or stored isomorphism
data.

The supplied run logs record successful executions of both programs. The weighted counts
were reproduced, and the regenerated JSON certificate agreed byte-for-byte with the earlier
certificate. The PDF includes the two program sources, the JSON certificate, the CSV table,
and the recorded run logs as embedded file attachments. Extract them into one directory to run
the commands above. The embedded SHA256SUMS manifest records cryptographic hashes of the
accompanying files. The printed certificate is complete; the machine-readable version is supplied
for convenient checking.

5.2 Scope of the conclusion

The construction was found by varying square maps with fixed commutator data in groups of
order 256 and testing a central Co-factor. The final count was regenerated from the explicit
multiplication law; it does not depend on the discovery database or on earlier proposed structural
lemmas. No claim that order 512 is minimal is made.

Corollary 5.1. If A is any finite abelian group of odd order, then G X A is a nonabelian group
with | PIso(G x A)| = | End(G x A)|.
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Proof. For finite groups of coprime orders, every subgroup of their direct product is a product of
subgroups, and every homomorphism respects the two primary components. Thus

P(G x A) = P(G)P(4),  E(G x A) = B(G)E(A).

Apply Theorem 1.1 and Cameron’s equality for A. O
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A Complete printable counting certificate

The tables below encode all 151 isomorphism types occurring as subgroups or quotients of G.
The indices are internal labels of the verifier, not SmallGroups identifiers.

A.1 Reduced quadratic-map representatives

For each core K;, let
d; = dim Ki/q)(Ki), z; = dim @(Ki), b; = \Aut(KZ)\

The row specifies the square values o; = ¢;(e;) and the polar values v, = B;(e;, ex), with pairs
(j, k) in lexicographic order. A number n between 0 and 2% — 1 encodes the vector

Z; Z4
n = Z eh2h_1 — Z €ERZh-
h=1 h=1

Thus addition of encoded vectors is bitwise exclusive-or, not integer addition. The complete map
is recovered from

ai| Dowjej | =D _wjoj+ Y wimnvne (A.1)
J J i<k

The tuple v is empty when d; < 1. Core Ky is the trivial group. The counterexample is the type

(i,r7) = (1,1), namely K; x Cs.

Table 2: The reduced cores K;.

7 di7 Zi bz g Y

0 0,0 1 @ 1%

1 5,3 65536 (1,2,4,7,0) (0,0,0,1,0,1,6,6,2,0)
2 4,2 1024 (1,2,3,0) (0,0,3,3,1,0)

3 5,2 409 (1,2,3,0,0) (0,0,0,1,0,1,1,1,2,0)
4 5,2 409 (1,1,2,2,0) (0,0,0,1,0,1,3,3,1,0)
5 5,2 4096 (1,2,1,2,0) (0,0,0,1,0,1,3,3,2,0)
6 52 8192 (1,2,2,1,0) (0,0,0,1,0,1,0,0,2,0)
7 5,2 409 (1,2,0,3,0) (0,0,0,1,0,1,2,2,2,0)
8 5,2 16384 (1,0,2,3,0) (0,0,0,1,0,1,2,2,0,0)
9 3,1 48 (1,1,0) (0,0,1)

10 4,1 1920 (1,1,1,0) (0,0,1,1,0,0)

1 5,1 23040 (1,1,0,0,0) (0,0,0,1,0,1,1,1,1,0)
12 4,1 1152 (1,0,0,0) (0,0,1,1,1,0)
13 1,1 2 (1) 1%
14 2,2 96 (1,2) (0)
15 2,3 384 (1,2) (7
16 2,2 32 (0,1) (3)
17 2,2 32 (1,2) ¢D)
18 2,1 24 (1,1) ¢D)
19 2,1 8 (1,0) ¢D)
20 3,3 86016 (1,2,4) (0,0,0)
21 3,3 512 (1,2,3) (7,1,0)
22 3,2 192 (0,1,2) (3,1,0)
23 3,3 1024 (1,2,4) (1,4,0)
24 3,3 2048 (1,2,2) (0,0,4)

Continued on the next page.
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Table 2 continued:

reduced cores.

) di7 Z; bz g Y
25 3,3 1024 (1,2,2) (1,2,4)
26 3,2 256 (1,2,2) 0,1,3)
271 3,3 512 (0,1,1) (3,5,5)
28 3,3 12288 (1,2,4) (1,0,4)
29 3,3 1024 (0,1,4 (3,1,4)
30 3,3 12288 (1,2,4) (0,0,1)
31 3,3 1024 (1,2,4) (7,2,3)
32 3,3 1536 (0,1,4) (3,6,1)
33 3,3 4096 (1,2,1) (7,3,4)
34 3,3 2048 (1,2,3) (0,6,5)
35 3,3 2048 (0,1,4) (3,0,7)
36 3,2 384 (1,2,3) (0,0,3)
37 3,3 409 (0,1,3) (3,0,6)
38 3,3 3072 (1,2,4) (7,1,5)
39 3,2 128 (0,1,2) (3,0,2)
40 3,3 2048 (1,2,0) (0,1,6)
41 3,3 1024 (0,1,4) (3,0,2)
42 3,2 128 (1,2,0) (0,1,0)
43 4,3 16384 (1,2,4,7) (0,0,0,0,1,6)
4 4,3 8192 (0,1,2,4) (3,1,0,0,7,3)
45 4,3 16384 (1,2,2,7) (1,0,0,4,1,6)
46 4,3 4096 (0,1,1,3) (3,5,0,5,7,4)
47 4,3 16384 (1,2,4,5) (0,1,0,4,1,4)
48 4,3 4096 (0,1,3,5) (3,7,0,3,6,3)
49 4,3 16384 (1,2,4,5) (1,1,0,2,1,4)
50 4,3 4096 (0,1,4,3) (3,2,0,1,7,4)
51 4,3 65536 (1,2,4,7) (0,0,1,0,7,4)
52 4,3 409 (0,1,2,4) (3,1,7,0,4,2)
53 4,3 8192 (1,2,2,7) (1,0,1,4,7,2)
54 4,3 16384 (1,2,4,5) (0,1,1,4,5,6)
55 4,3 8192 (1,2,4,5)  (1,1,1,2,5,2)
56 4,3 4096 (0,1,4,3) (3,2,7,1,3,1)
57 4,3 24576 (1,2,4,0) (0,0,1,0,6,2)
58 4,3 8192 (1,2,2,0) (0,0,1,4,4,6)
59 4,3 24576 (1,2,4,0) (0,0,1,1,7,2)
60 4,3 16384 (1,2,4,0) (0,0,1,1,5,0)
61 4,3 16384 (1,2,3,0) (0,0,1,3,6,0)
62 4,3 16384 (1,2,4,0) (0,0,1,5,7,0)

A.2 All subgroup and quotient types

Each row of Table 3 represents

X:KZ’XCE,

1X| = oditzi+r

The symbols sx, ¢x have the meanings in Section 4, and

All rows, including those with sx = 0, are displayed. The full sums are

> sx = 9362,

r—1
ax =b; or(di+zi) H(QT _ 2j)'
=0

> ax = 3002,

D axsk = axsxqx =2164260864.

11
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The machine-readable JSON file additionally records both weighted contributions row by row.
They are obtained directly by multiplying the printed integers; no further mathematical classifi-
cation is needed.

Table 3: Complete type-by-type subgroup and quotient certificate.

1 T | X| ax sx qx
0 0 1 1 1 1
0 1 2 1 47 63
0 2 4 6 275 651
0 3 8 168 295 1395
0 4 16 20160 61 651
0 5 32 9999 360 2 63
0 6 64 20158709 760 0 1
1 0 256 65 536 32 8
1 1 512 16777216 1 1
2 0 64 1024 0 16
2 1 128 65536 0 12
2 2 256 25165824 0 1
3 0 128 4096 0 4
3 1 256 524 288 0 1
4 0 128 4096 0 4
4 1 256 524 288 0 1
5 0 128 4096 0 4
5 1 256 524 288 0 1
6 0 128 8192 0 4
6 1 256 1048576 0 1
7 0 128 4096 0 4
7 1 256 524 288 0 1
8 0 128 16 384 0 4
8 1 256 2097152 0 1
9 0 16 48 0 8
9 1 32 768 0 28
9 2 64 73728 0 14
9 3 128 33030144 0 1
10 0 32 1920 0 12
10 1 64 61440 0 18
10 2 128 11796 480 0 3
11 0 64 23040 0 2
11 1 128 1474560 0 1
12 0 32 1152 0 8
12 1 64 36 864 0 12
12 2 128 7077888 0 2
13 0 4 2 232 0
13 1 8 8 940 0
13 2 16 192 630 0
13 3 32 21504 85 0
13 4 64 10321920 2 0
14 0 16 96 272 0
14 1 32 1536 204 0
14 2 64 147456 17 0
15 0 32 384 192 0
15 1 64 12288 48 0
16 0 16 32 416 0
16 1 32 512 312 0
16 2 64 49152 26 0
17 0 16 32 960 0
17 1 32 512 720 0
17 2 64 49152 60 0
18 0 8 24 64 0

Continued on the next page.
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Table 3 continued: full type certificate.

1 T | X| ax Sx qx
18 1 16 192 112 0
18 2 32 9216 28 0
18 3 64 2064 384 1 0
19 0 8 8 64 0
19 1 16 64 112 0
19 2 32 3072 28 0
19 3 64 688128 1 0
20 0 64 86016 8 0
20 1 128 5505024 1 0
21 0 64 512 96 0
21 1 128 32768 12 0
22 0 32 192 384 0
22 1 64 6144 144 0
22 2 128 1179648 6 0
23 0 64 1024 256 0
23 1 128 65536 32 0
24 0 64 2048 48 0
24 1 128 131072 6 0
25 0 64 1024 112 0
25 1 128 65536 14 0
26 0 32 256 320 0
26 1 64 8192 120 0
26 2 128 1572864 5 0
27 0 64 512 112 0
27 1 128 32768 14 0
28 0 64 12 288 32 0
28 1 128 786 432 4 0
29 0 64 1024 80 0
29 1 128 65536 10 0
30 0 64 12 288 16 0
30 1 128 786 432 2 0
31 0 64 1024 64 0
31 1 128 65536 8 0
32 0 64 1536 112 0
32 1 128 98 304 14 0
33 0 64 4096 24 0
33 1 128 262144 3 0
34 0 64 2048 16 0
34 1 128 131072 2 0
35 0 64 2048 32 0
35 1 128 131072 4 0
36 0 32 384 64 0
36 1 64 12288 24 0
36 2 128 2359296 1 0
37 0 64 4096 16 0
37 1 128 262 144 2 0
38 0 64 3072 16 0
38 1 128 196 608 2 0
39 0 32 128 128 0
39 1 64 4096 48 0
39 2 128 786 432 2 0
40 0 64 2048 48 0
40 1 128 131072 6 0
41 0 64 1024 32 0
41 1 128 65536 4 0
42 0 32 128 64 0
42 1 64 4096 24 0
42 2 128 786 432 1 0
43 0 128 16 384 16 0

Continued on the next page.
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Table 3 continued: full type certificate.

i r | X| ax Sx qx
43 1 256 2097152 1 0
44 0 128 8192 32 0
44 1 256 1048576 2 0
45 0 128 16 384 16 0
45 1 256 2097152 1 0
46 0 128 4096 32 0
46 1 256 524 288 2 0
47 0 128 16 384 16 0
47 1 256 2097152 1 0
48 0 128 4096 32 0
48 1 256 524 288 2 0
49 0 128 16 384 16 0
49 1 256 2097152 1 0
50 0 128 4096 32 0
50 1 256 524 288 2 0
51 0 128 65536 16 0
51 1 256 8388608 1 0
52 0 128 4096 96 0
52 1 256 524 288 6 0
53 0 128 8192 16 0
53 1 256 1048576 1 0
54 0 128 16 384 16 0
54 1 256 2097152 1 0
55 0 128 8192 16 0
55 1 256 1048576 1 0
56 0 128 4096 32 0
56 1 256 524 288 2 0
57 0 128 24576 16 0
57 1 256 3145728 1 0
58 0 128 8192 32 0
58 1 256 1048576 2 0
59 0 128 24576 16 0
59 1 256 3145728 1 0
60 0 128 16 384 16 0
60 1 256 2097152 1 0
61 0 128 16 384 16 0
61 1 256 2097152 1 0
62 0 128 16 384 16 0
62 1 256 2097152 1 0

The PDF also contains the verification programs, their recorded run logs, the machine-readable
tables, and a SHA256SUMS manifest as embedded attachments. The hashes identify exact files;
the mathematical content is the proof and complete certificate above.
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\maketitle
\begin{abstract}
We construct a nonabelian group $G$ of order $512$, nilpotency class two
and exponent four, such that
\[
 |\PIso(G)|=|\End(G)|=2\,164\,260\,864=129\cdot2^{24}.
\]
This gives a negative answer to Problem 19.20 in the Kourovka Notebook.
The group is specified by an explicit multiplication law. The
endomorphism count has a direct algebraic proof. The partial-isomorphism
count is proved by exhaustive finite quadratic-map enumeration, with
exact isomorphism tests and automorphism orders. The complete printable
certificate and standalone verification programs are included in this
PDF. No group database is used in the verification, and no assertion of
minimal order is made.
\end{abstract}

\section{The problem and the result}

\noindent\textbf{Question.} The following problem appears in the Kourovka Notebook \cite[p.~135]{Kourovka}.

\begin{quote}
\noindent\textbf{19.20.} For a finite group $G$, let $\operatorname{End}(G)$ denote the semigroup of
endomorphisms of $G$, and $\operatorname{PIso}(G)$ the semigroup of partial
isomorphisms of $G$ (isomorphisms between subgroups of $G$). If $G$ is abelian,
then $|\operatorname{End}(G)|=|\operatorname{PIso}(G)|$. Is the converse true?
\par\smallskip\hfill\textit{P.~J. Cameron}
\end{quote}

The trivial subgroup is included. Thus the unique isomorphism $1\to1$
and the trivial endomorphism are each counted once; no empty partial map
is adjoined. Write $P(G)=|\PIso(G)|$ and $E(G)=|\End(G)|$.
Cameron's equality for finite abelian groups is proved in \cite{Cameron}.

\begin{theorem}\label{thm:main}
The group $G$ defined in Section~\ref{sec:group} is nonabelian, has order
$512$, and satisfies
\begin{equation}\label{eq:main}
 |\PIso(G)|=|\End(G)|=129\cdot2^{24}.
\end{equation}
Moreover,
\[
 G'=\Phi(G)\cong C_2^3,\qquad Z(G)\cong C_2^4,
 \qquad |\Aut(G)|=2^{24}.
\]
\end{theorem}

Section~\ref{sec:end} determines the endomorphisms directly from the
quadratic square map. Section~\ref{sec:enumeration} proves the exhaustive
counting method and applies it to the partial isomorphisms.
Appendix~\ref{app:certificate} contains all type records, with
representatives and automorphism orders; Section~\ref{sec:reproduce}
explains how to regenerate them. Thus the full equality is established
by a finite counting proof, without requiring a structural bijection
between the two sets.

\clearpage
\section{The group}\label{sec:group}
All vector spaces in the construction are over $\F$. Put
\[
 V=\F^6,\qquad W=\F^3.
\]
Write $v=(a,b,c,d,e,t)$ and $u=(a',b',c',d',e',t')$.
Define the bilinear map $f:V\times V\to W$ by
\begin{equation}\label{eq:f}
\begin{aligned}
 f_1(v,u)&=aa'+dd'+ea'+db',\\
 f_2(v,u)&=cc'+dd'+eb'+dc',\\
 f_3(v,u)&=bb'+cc'+ec'.
\end{aligned}
\end{equation}
Define multiplication on $V\times W$ by
\begin{equation}\label{eq:law}
 (v,w)(u,z)=(v+u,\,w+z+f(v,u)).
\end{equation}
Bilinearity gives
\[
 f(v,u)+f(v+u,x)=f(u,x)+f(v,u+x),
\]
so this multiplication is associative. Its identity is $(0,0)$ and
\[
 (v,w)^{-1}=(v,w+f(v,v)).
\]
Thus \eqref{eq:law} defines a group $G$ of order $2^{6+3}=512$.

Identify $W$ with the central subgroup $\{0\}\times W$. The square map is
\begin{equation}\label{eq:q}
 q(v)=f(v,v)
   =(a+d+ae+bd,\ c+d+be+cd,\ b+c+ce).
\end{equation}
Its polarization
\begin{equation}\label{eq:beta}
 \beta(v,u)=q(v+u)+q(v)+q(u)=f(v,u)+f(u,v)
\end{equation}
is the commutator map. We use $[x,y]=x^{-1}y^{-1}xy$.

For clarity, the same group has generators
$a,b,c,d,e,t,z_1,z_2,z_3$, where $z_1,z_2,z_3$ are the standard basis
of $W$. The elements $t,z_1,z_2,z_3$ are central involutions, and
\begin{equation}\label{eq:presentation}
\begin{gathered}
 a^2=z_1,\quad b^2=z_3,\quad c^2=z_2z_3,\quad
 d^2=z_1z_2,\quad e^2=1,\\
 [a,e]=[b,d]=z_1,\qquad
 [b,e]=[c,d]=z_2,\qquad [c,e]=z_3.
\end{gathered}
\end{equation}
All other pairs among $a,b,c,d,e$ commute. These relations collect every
word to
\[
 a^{\alpha}b^{\beta}c^{\gamma}d^{\delta}e^{\varepsilon}t^{\tau}
 z_1^{\eta_1}z_2^{\eta_2}z_3^{\eta_3},
 \qquad \alpha,\ldots,\eta_3\in\{0,1\}.
\]
The explicit model \eqref{eq:law} has $512$ elements and satisfies the
relations, so all these normal forms are distinct.

The commutator values in \eqref{eq:presentation} span $W$. Since all
squares also lie in $W$, the identity $\Phi(G)=G^2G'$ for a finite
$2$-group gives
\begin{equation}\label{eq:phi}
 G'=\Phi(G)=W.
\end{equation}
The radical of $\beta$ on $V$ is $\spanof{t}$. Hence
\[
 Z(G)=W\times\spanof{t}\cong C_2^4.
\]
The group is nonabelian because $[a,e]=z_1\ne1$. It has class two and
exponent four. The coordinate $t$ occurs in neither $f$ nor $q$, so
\begin{equation}\label{eq:Hproduct}
 G=H\times C_2,\qquad |H|=256,
\end{equation}
where $H$ is obtained by omitting $t$ from the presentation.

\section{A direct count of endomorphisms}\label{sec:end}
An endomorphism preserves $W=\Phi(G)$, and so induces linear maps
$T:V\to V$ and $L:W\to W$ satisfying
\begin{equation}\label{eq:endpair}
 q(Tv)=Lq(v)\qquad(v\in V).
\end{equation}
Conversely, every pair satisfying \eqref{eq:endpair} lifts to exactly
$2^{18}$ endomorphisms: the $W$-components of the images of the six
basis generators are arbitrary. Compatibility of all squares and
commutators is precisely \eqref{eq:endpair}. We will show that
\begin{equation}\label{eq:Lcounts}
\begin{array}{c|r}
 L&\#\{T:qT=Lq\}\\ \hline
 0&8\,128\\
 1_W&128\\
 \text{every other }L&0.
\end{array}
\end{equation}

\subsection{The five-dimensional quadratic map}
Write
\[
 V=V_0\oplus\spanof{t},\qquad V_0=\spanof{a,b,c,d,e},
\]
and let $q_0=q|_{V_0}$. The notation identifies basis vectors with their
names in the presentation. From \eqref{eq:q},
\begin{equation}\label{eq:qzero}
 q_0^{-1}(0)=\{0,e,a+e\}.
\end{equation}
For example, considering the four possible pairs $(d,e)$ gives this
list immediately. Directly from the commutators,
\begin{equation}\label{eq:centralizers}
 C_\beta(e)=\spanof{d,e},\qquad
 C_\beta(a+e)=\spanof{d,a+e}
 \quad\text{inside }V_0,
\end{equation}
where $C_\beta(x)=\{v:\beta(x,v)=0\}$.

\Needspace{8\baselineskip}
\begin{lemma}\label{lem:smallimage}
There is no three-dimensional $U\leq V_0$ with
$\dim\spanof{q_0(U)}\leq1$, and no four-dimensional $U\leq V_0$ with
$\dim\spanof{q_0(U)}\leq2$.
\end{lemma}
\begin{proof}
For the first assertion, if the quadratic image is zero, then $U$ has
eight zero vectors, contradicting \eqref{eq:qzero}. Otherwise $q_0|_U$
is a scalar quadratic form times a fixed nonzero vector of $W$.
Its alternating polarization in dimension three has a nonzero radical
vector $v$. If $q_0(v)=0$, then \eqref{eq:qzero}--\eqref{eq:centralizers}
force $U$ into a two-dimensional $\beta$-centralizer. If $q_0(v)\ne0$,
translation by $v$ interchanges the two values of $q_0|_U$, producing
four zero vectors, again a contradiction.

For the second assertion, take a nonzero functional
$\chi=(r,s,t)$ on $W$ annihilating $q_0(U)$. The polar form of
$\chi q_0$ pairs $\spanof{a,b,c}$ with $\spanof{d,e}$ through
\begin{equation}\label{eq:matrix}
 M_\chi=\begin{pmatrix}0&r\\r&s\\s&t\end{pmatrix}.
\end{equation}
If $(r,s)\ne(0,0)$, this matrix has rank two. The full alternating
form has rank four and radical dimension one, so a totally isotropic
subspace has dimension at most three. If $\chi=(0,0,1)$, then
$\chi q_0=b+c+ce$, whose polar radical is $\spanof{a,b,d}$. Any
four-dimensional polar-isotropic subspace contains this radical,
but $\chi q_0(b)=1$. Thus it cannot be totally singular.
\end{proof}

\subsection{Exclusion of ranks one and two for \texorpdfstring{$L$}{L}}
Given \eqref{eq:endpair}, let $M:V_0\to V_0$ be $T|_{V_0}$ followed
by projection along $t$. Then
\begin{equation}\label{eq:Mpair}
 q_0(Mv)=Lq_0(v).
\end{equation}
Suppose first that $L$ has rank one. Write $Lq_0$ as a nonzero scalar
quadratic form times a nonzero vector of $W$. Its singular radical
has dimension at most two. Indeed, \eqref{eq:matrix} gives polar
radical dimension one except for $\chi=(0,0,1)$; in that exception
the singular radical is $\spanof{a,d}$. Equation~\eqref{eq:Mpair}
puts $\ker M$ in this singular radical, so $\operatorname{rank}M\geq3$.
But $q_0(\im M)$ lies in a line, contradicting
Lemma~\ref{lem:smallimage}.

Suppose next that $L$ has rank two, and put $J=\ker L$. For
$v=(a,b,c,d,e)$, the polar values on the five basis vectors are
\begin{equation}\label{eq:polarlist}
 ez_1,\quad dz_1+ez_2,\quad dz_2+ez_3,\quad
 bz_1+cz_2,\quad az_1+bz_2+cz_3.
\end{equation}
For all five values to lie in the same line $J$, one must have
$e=d=0$, and then $c=b=0$. Hence
\[
 \{v:\beta(v,V_0)\subseteq J\}\subseteq\spanof{a}.
\]
Polarizing \eqref{eq:Mpair} shows that $\ker M$ lies in this subspace.
Thus $\operatorname{rank}M\geq4$, while $q_0(\im M)$ lies in the plane
$\im L$, again contradicting Lemma~\ref{lem:smallimage}.

\subsection{Invertible \texorpdfstring{$L$}{L}}\label{sec:invertibleL}
If $L$ is invertible, \eqref{eq:Mpair} and its polarization imply that
$\ker M$ is contained in the radical of the full $W$-valued form
$\beta|_{V_0}$, which is zero. Thus $M$ is invertible.

There are exactly two invertible compatible pairs $(M,L)$. Both have
$L=1_W$; one has $M=1_{V_0}$, and the other has
\begin{equation}\label{eq:tau}
 M(a)=a,\quad M(b)=b,\quad M(c)=c,\quad M(d)=d,
 \quad M(e)=e+a.
\end{equation}
Here is a direct check of completeness. Equation~\eqref{eq:qzero}
forces $M$ to permute $e$ and $a+e$, and hence to fix $a$. The map
\eqref{eq:tau} preserves $q_0$; after composing with it if necessary,
assume that $M$ fixes both $a$ and $e$. Then $Lz_1=z_1$, and the
pairing with $a$ shows that $M$ preserves the $e$-coordinate.
Equation~\eqref{eq:centralizers} now forces $M(d)=d$.
Applying $q_0$ to $d$ gives $Lz_2=z_2$.

The pairings with $d$ imply
\[
 M(b)=b+\alpha a+\gamma d,\qquad
 M(c)=c+\alpha'a+\gamma'd.
\]
Pairing the first expression with $e$ gives $\alpha=0$; pairing the
second gives $Lz_3=z_3+\alpha'z_1$. But
\[
 q_0(b+\gamma d)=z_3+\gamma z_2,
\]
so compatibility of the square of $b$ forces $\gamma=\alpha'=0$.
Finally the square of $c$ forces $\gamma'=0$. Thus $M=L=1$ after
the initial composition, as claimed.

Since $M$ is onto $V_0$, polar compatibility forces $T(t)\in\spanof{t}$.
For each of the two possibilities for $M$, the $t$-component of
$T|_{V_0}$ is an arbitrary linear functional, with $2^5$ choices,
and $T(t)$ is either $0$ or $t$. Hence there are
\[
 2\cdot2^5\cdot2=128
\]
compatible maps $T$ for $L=1_W$. Exactly $64$ are invertible.

\subsection{The zero map \texorpdfstring{$L$}{L}}
For $L=0$, the image of $T$ must be totally singular. From
\eqref{eq:qzero}, the complete zero set in $V$ is
\[
 \{0,e,a+e,t,e+t,a+e+t\}.
\]
It contains five singular lines and exactly two singular planes,
$\spanof{e,t}$ and $\spanof{a+e,t}$, and no larger singular subspace.
Counting $T$ by its exact image gives
\[
 1+5(2^6-1)+2(2^6-1)(2^6-2)=8\,128.
\]
This proves \eqref{eq:Lcounts}. Consequently,
\begin{equation}\label{eq:Evalue}
 E(G)=(8\,128+128)2^{18}=129\cdot2^{24}.
\end{equation}
Likewise,
\begin{equation}\label{eq:Autvalue}
 |\Aut(G)|=64\cdot2^{18}=2^{24}.
\end{equation}
Together with \eqref{eq:Pvalue}, established in
Section~\ref{sec:enumeration}, this proves Theorem~\ref{thm:main}.

\section{Counting subgroups and partial isomorphisms}\label{sec:enumeration}
\subsection{The two weighted counting identities}
For an isomorphism type $X$, let $s_X$ be the number of subgroups of $G$
isomorphic to $X$, and let $q_X$ be the number of normal subgroups
$N\triangleleft G$ with $G/N\cong X$. Put $a_X=|\Aut(X)|$. Then
\begin{equation}\label{eq:weighted}
 P(G):=|\PIso(G)|=\sum_X a_Xs_X^2,
 \qquad
 E(G):=|\End(G)|=\sum_X a_Xs_Xq_X.
\end{equation}
For the first identity, choose an ordered pair of subgroups of type $X$
and an isomorphism between them. For the second, choose a kernel, an
image subgroup, and an isomorphism from the quotient to the image.
There are $a_X$ isomorphisms in either case.

\subsection{Enumeration by binary subspaces}
Let $\pi:G\to V=G/W$ be the quotient map.
\begin{proposition}\label{prop:enumeration}
Fix subspaces $U\leq V$ and $S\leq W$. Subgroups $K\leq G$ with
$\pi(K)=U$ and $K\cap W=S$ exist if and only if
\begin{equation}\label{eq:subcondition}
 q(U)\subseteq S.
\end{equation}
When they exist, their number is
\begin{equation}\label{eq:multiplicity}
 m(U,S)=2^{\dim U(3-\dim S)}.
\end{equation}
All have the same isomorphism type, represented by $q|_U:U\to S$.
They are normal in $G$ if and only if
\begin{equation}\label{eq:normal}
 \beta(U,V)\subseteq S.
\end{equation}
In that case all corresponding quotients have the quadratic-map type
\begin{equation}\label{eq:quotientmap}
 \bar q:V/U\longrightarrow W/S,\qquad v+U\longmapsto q(v)+S.
\end{equation}
\end{proposition}
\begin{proof}
A subgroup $K$ with the stated properties has $K/S\cong U$ elementary
abelian, so its squares force \eqref{eq:subcondition}. Conversely, that
condition makes $\pi^{-1}(U)/S$ elementary abelian: all its squares are
trivial, and polarization also kills all its commutators. The possible
$K/S$ are precisely the complements to $W/S$ in this vector space.
They form an affine space over $\Hom(U,W/S)$, proving
\eqref{eq:multiplicity}.

The squares and commutators of lifts of a basis of $U$ are independent
of the chosen complement, since $W$ is central of exponent two. They
are prescribed by $q|_U$ and its polarization. Thus the isomorphism
type is independent of the complement. Finally, $K$ is normal exactly
when $[K,G]\leq K\cap W=S$, which is \eqref{eq:normal}.
Under both conditions, \eqref{eq:quotientmap} is well defined and
prescribes the squares and commutators of a generating set of $G/K$.
\end{proof}

Every subgroup gives one and only one pair $(U,S)$. Thus enumerating all
subspaces of $\F^6$ and $\F^3$ and applying
Proposition~\ref{prop:enumeration} is exhaustive, with exact
multiplicities and without enumeration up to conjugacy.

\Needspace{10\baselineskip}
\subsection{Exact isomorphism tests and automorphism orders}
The groups encountered in Proposition~\ref{prop:enumeration} have
central elementary abelian Frattini subgroup. The following reduction
both identifies their types and computes the weights in
\eqref{eq:weighted}.

For a quadratic map $q_D:D\to Z$ over $\F$, replace $Z$ by
\[
 F=\spanof{q_D(D)}.
\]
This is the Frattini subgroup of the represented group. A complement
to $F$ in $Z$ splits off as a central elementary abelian direct factor.
Next let
\[
 R_0=\{v\in D:q_D(v)=0,\ \beta_D(v,x)=0\text{ for all }x\in D\}
\]
be the singular radical. This is a subspace, and $q_D$ is constant on
its cosets. The corresponding central involutions also split off.
The reduced quadratic map is the induced map on $D/R_0$ with values
in $F$.

The resulting group has the form
\begin{equation}\label{eq:reduced}
 C\times C_2^r,
\end{equation}
where $C$ has no direct factor $C_2$ and
$\Omega_1(Z(C))=\Phi(C)$. Both the reduced quadratic-map type and $r$
are intrinsic: the removed radical is canonical, and any complement
gives the same induced map on the quotient.

\begin{lemma}\label{lem:isom}
Let $C_1,C_2$ be two such reduced groups, with square maps
$q_i:D_i\to F_i$. They are isomorphic if and only if there are
invertible linear maps $T:D_1\to D_2$ and $L:F_1\to F_2$ such that
\begin{equation}\label{eq:isometry}
 q_2(Tv)=Lq_1(v)\qquad(v\in D_1).
\end{equation}
If $d=\dim D_1=\dim D_2$ and $z=\dim F_1=\dim F_2$, then each such
pair has exactly $2^{dz}$ isomorphism lifts. In particular,
\begin{equation}\label{eq:coreaut}
 |\Aut(C)|=2^{dz}
 \#\{(T,L)\in\GL_d(2)\times\GL_z(2):q_C T=Lq_C\}.
\end{equation}
Furthermore,
\begin{equation}\label{eq:autsplit}
 |\Aut(C\times C_2^r)|
 =|\Aut(C)|\,2^{r(d+z)}|\GL_r(2)|,
\end{equation}
where $|\GL_0(2)|=1$.
\end{lemma}
\begin{proof}
The Frattini subgroup is characteristic. An isomorphism therefore
induces $T$ and $L$, necessarily satisfying \eqref{eq:isometry}.
Conversely, squares of basis lifts and their pairwise commutators give
a presentation of the group. Equation~\eqref{eq:isometry}, together
with its polarization, preserves all these relations. Each of the $d$
basis images can independently be multiplied by any element of the target
Frattini subgroup $F_2$,
which gives $2^{dz}$ lifts. They are surjective, and hence isomorphisms.

For \eqref{eq:autsplit}, write an automorphism in blocks relative to
$C\times C_2^r$. In addition to automorphisms of $C$ and $C_2^r$, its
off-diagonal blocks are arbitrary homomorphisms $C\to C_2^r$ and
$C_2^r\to\Omega_1(Z(C))=\Phi(C)$, giving $2^{rd}$ and $2^{rz}$
choices. The latter block is invisible on the Frattini quotient, so
the diagonal blocks must be invertible. Conversely, invertible
diagonal blocks and arbitrary off-diagonal blocks induce an
invertible map on the Frattini quotient and thus an automorphism.
\end{proof}

The verifier enumerates all possible $L$ and all ordered images of a
basis under $T$, enforcing linear independence when required. It
checks the square values and all pairwise polar values. These checks
are equivalent to \eqref{eq:isometry} on the entire vector space.
Every candidate is compared with every previously found reduced core
of the same pair of dimensions. No group database or heuristic
isomorphism test is used.

\subsection{The resulting count}
The enumeration gives Table~\ref{tab:totals}. The column $\sum q_X$
counts kernels giving a quotient of the displayed order;
it is not the number of normal subgroups of that order.
\input{totals_table.tex}
The unweighted aggregate columns alone are not sufficient to reconstruct
the weighted sums. Appendix~\ref{app:certificate} gives all $151$
type records, with representatives and automorphism orders, from which
the weighted columns are obtained directly by \eqref{eq:weighted}.
There are $123$ subgroup types and $36$ quotient types, using $63$
reduced quadratic-map cores.

In particular, the exhaustive count proves
\begin{equation}\label{eq:Pvalue}
 P(G)=2\,164\,260\,864.
\end{equation}
The second weighted sum gives the same value for $E(G)$.
The direct derivation in Section~\ref{sec:end} does not use the
subgroup-type classification.

\section{Reproducibility and scope}\label{sec:reproduce}
\subsection{The two verification programs}
The source file \code{verify_counterexample.py} uses only the Python
standard library (Python 3.10 or later). It starts from the square and
commutator values in \eqref{eq:presentation}, enumerates all binary
subspaces, applies Proposition~\ref{prop:enumeration}, and performs
the exhaustive isomorphism tests of Lemma~\ref{lem:isom}. It then
writes \code{counterexample_certificate.json} and
\code{counts_by_order.csv}. These files are outputs, never inputs.
\Needspace{4\baselineskip}
The command is
\begin{quote}\small\ttfamily
python verify\_counterexample.py
\end{quote}
The same program separately considers all $2^9=512$ linear maps
$L:W\to W$ and counts every compatible $T$ by exact backtracking,
without using subgroup types. Its key output is
\begin{quote}\small\ttfamily
P = 2164260864\quad E = 2164260864\quad D = 0\\
Compatible pairs: 8256\quad lifts per pair: 262144\\
E\_direct: 2164260864\\
Compatible invertible pairs: 64\quad Aut(G): 16777216\\
ALL CHECKS PASSED
\end{quote}

The separate C++17 program \code{verify_cayley.cpp} constructs the
actual $512\times512$ multiplication table from \eqref{eq:f}, checks
the identity, inverses, and all $512^3$ associativity identities, and
enumerates subgroups by index-two extensions using group multiplication.
Every nontrivial subgroup is a finite $2$-group and has an index-two
subgroup, so this enumeration is exhaustive. Duplicate subgroups are
removed by comparing their element sets. Normality is checked using
commutators with the generators. Run
\begin{quote}\small\ttfamily
g++ -O2 -std=c++17 verify\_cayley.cpp -o verify\_cayley\\
./verify\_cayley
\end{quote}
It finds $9\,362$ subgroups, $3\,002$ normal subgroups, and a center
of order $16$, with the order distributions in Table~\ref{tab:totals}
(the normal-subgroup distribution reverses the quotient-order column).
This is an independent check of the group law and unweighted subgroup
counts; it is \emph{not} a second quadratic-map classification.
The weighted calculation of $P(G)$ is performed by the Python verifier.
Neither program uses GAP, SageMath, a SmallGroups database, or stored
isomorphism data.

The supplied run logs record successful executions of both programs.
The weighted counts were reproduced, and the regenerated JSON certificate
agreed byte-for-byte with the earlier certificate. The PDF includes the two program
sources, the JSON certificate, the CSV table, and the recorded run logs as
embedded file attachments. Extract them into one directory to run the
commands above. The embedded \code{SHA256SUMS} manifest records cryptographic hashes of
the accompanying files. The printed certificate is complete;
the machine-readable version is supplied for convenient checking.

\subsection{Scope of the conclusion}
The construction was found by varying square maps with fixed commutator
data in groups of order $256$ and testing a central $C_2$-factor.
The final count was regenerated from the explicit multiplication law;
it does not depend on the discovery database or on earlier proposed
structural lemmas. No claim that order $512$ is minimal is made.

\begin{corollary}
If $A$ is any finite abelian group of odd order, then $G\times A$ is a
nonabelian group with $|\PIso(G\times A)|=|\End(G\times A)|$.
\end{corollary}
\begin{proof}
For finite groups of coprime orders, every subgroup of their direct
product is a product of subgroups, and every homomorphism respects the
two primary components. Thus
\[
 P(G\times A)=P(G)P(A),\qquad E(G\times A)=E(G)E(A).
\]
Apply Theorem~\ref{thm:main} and Cameron's equality for $A$.
\end{proof}
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\appendix
\section{Complete printable counting certificate}\label{app:certificate}
The tables below encode all $151$ isomorphism types occurring as subgroups
or quotients of $G$. The indices are internal labels of the verifier,
not SmallGroups identifiers.

\subsection{Reduced quadratic-map representatives}
For each core $K_i$, let
\[
 d_i=\dim K_i/\Phi(K_i),\qquad z_i=\dim\Phi(K_i),
 \qquad b_i=|\Aut(K_i)|.
\]
The row specifies the square values $\sigma_j=q_i(e_j)$ and the polar
values $\gamma_{jk}=\beta_i(e_j,e_k)$, with pairs $(j,k)$ in lexicographic
order. A number $n$ between $0$ and $2^{z_i}-1$ encodes the vector
\[
 n=\sum_{h=1}^{z_i}\epsilon_h2^{h-1}
 \quad\longleftrightarrow\quad
 \sum_{h=1}^{z_i}\epsilon_h z_h.
\]
Thus addition of encoded vectors is bitwise exclusive-or, not integer
addition. The complete map is recovered from
\begin{equation}\label{eq:certificateq}
 q_i\!\left(\sum_jx_je_j\right)
 =\sum_jx_j\sigma_j+\sum_{j<k}x_jx_k\gamma_{jk}.
\end{equation}
The tuple $\gamma$ is empty when $d_i\leq1$. Core $K_0$ is the trivial
group. The counterexample is the type $(i,r)=(1,1)$, namely
$K_1\times C_2$.

\input{cores_table.tex}

\subsection{All subgroup and quotient types}
Each row of Table~\ref{tab:types} represents
\[
 X=K_i\times C_2^r,
 \qquad |X|=2^{d_i+z_i+r}.
\]
The symbols $s_X,q_X$ have the meanings in Section~\ref{sec:enumeration},
and
\[
 a_X=b_i\,2^{r(d_i+z_i)}\prod_{j=0}^{r-1}(2^r-2^j).
\]
All rows, including those with $s_X=0$, are displayed. The full sums are
\[
 \sum s_X=9\,362,\quad \sum q_X=3\,002,\quad
 \sum a_Xs_X^2=\sum a_Xs_Xq_X=2\,164\,260\,864.
\]
The machine-readable JSON file additionally records both weighted
contributions row by row. They are obtained directly by multiplying
the printed integers; no further mathematical classification is needed.

\input{types_table.tex}

\smallskip
\noindent The PDF also contains the verification programs, their recorded run
logs, the machine-readable tables, and a \code{SHA256SUMS} manifest as
embedded attachments. The hashes identify exact files; the mathematical
content is the proof and complete certificate above.
\end{document}



#!/usr/bin/env python3
"""Independent exact verification of the order-512 Kourovka 19.20 counterexample.

Uses only the Python standard library. No GAP, small-group database, precomputed
orbit tables, or profiles from the search are used. It enumerates all binary
subspaces, identifies subgroup and quotient types by a complete backtracking
isometry test for their quadratic maps, and computes automorphism orders by
counting every compatible invertible linear pair.

A second endomorphism count enumerates ALL compatible linear pairs for the
whole group, independently of subgroup/quotient type classification.
"""
from __future__ import annotations
from collections import Counter,defaultdict
from functools import lru_cache
from itertools import combinations
from math import prod
from pathlib import Path
import json,time

# The first five generators form H of order 256. The sixth is a central C2.
D=6;Z=3
SQUARES=(1,4,6,3,0,0)
BETA=(0,0,0,1,0, 0,1,2,0, 2,4,0, 0,0, 0)
# BETA is in lexicographic pair order (0,1),(0,2),...,(4,5).
EXPECTED=2164260864

def span(basis):
 out=[0]
 for b in basis:out += [v^b for v in out]
 return out

def independent_basis(values):
 bs=[];ss={0}
 for v in values:
  if v not in ss:bs.append(v);ss|={x^v for x in list(ss)}
 return bs

def complement(basis,n):
 ss=set(span(basis));out=[]
 for i in range(n):
  v=1<<i
  if v not in ss:out.append(v);ss|={x^v for x in list(ss)}
 return out

@lru_cache(None)
def spaces(n):
 out=[]
 for k in range(n+1):
  for piv in combinations(range(n),k):
   free=[(i,j) for i,a in enumerate(piv) for j in range(a+1,n) if j not in piv]
   for mask in range(1<<len(free)):
    bs=[1<<i for i in piv]
    for t,(i,j) in enumerate(free):
     if mask>>t&1:bs[i]|=1<<j
    ss=span(bs);coordinates={v:i for i,v in enumerate(ss)};co=complement(bs,n)
    qm=[0]*(1<<n)
    for i,v in enumerate(span(bs+co)):qm[v]=i>>k
    out.append((tuple(bs),tuple(ss),coordinates,tuple(co),tuple(qm)))
 return out

@lru_cache(None)
def output_maps(z,invertible=True):
 out=[]
 def rec(bs,ss):
  if len(bs)==z:out.append(tuple(span(bs)));return
  for v in range(1<<z):
   if invertible and v in ss:continue
   rec(bs+[v],ss+[x^v for x in ss])
 rec([],[0]);return out

def make_q(d,z,squares,beta):
 if len(beta)!=d*(d-1)//2:raise ValueError('wrong number of commutators')
 ans=[];pairs=list(combinations(range(d),2))
 for v in range(1<<d):
  x=0
  for i,sq in enumerate(squares):
   if v>>i&1:x^=sq
  for (i,j),b in zip(pairs,beta):
   if (v>>i&1) and (v>>j&1):x^=b
  ans.append(x)
 if any(x >= 1<<z for x in ans):raise ValueError('quadratic value out of range')
 return tuple(ans)

@lru_cache(None)
def polar_data(q,z):
 n=len(q);d=n.bit_length()-1
 beta=[[q[x^y]^q[x]^q[y] for y in range(n)] for x in range(n)]
 masks=[[0]*(1<<z) for _ in range(n)];qm=[0]*(1<<z)
 for x in range(n):
  qm[q[x]]|=1<<x
  for y in range(n):masks[x][beta[x][y]]|=1<<y
 return beta,masks,qm

def compatible_pairs(qsrc,qtgt,z,invertible,stop_after_one=False,details=None):
 """Count (T,L) with qtgt(Tx)=L(qsrc(x)). Equal domain dimensions.
 For invertible=True both T and L must be invertible. Otherwise neither must.
 """
 d=len(qsrc).bit_length()-1;n=len(qtgt)
 beta,masks,qm=polar_data(qtgt,z)
 sp=[qsrc[1<<i] for i in range(d)]
 bp=[[0]*d for _ in range(d)]
 for i,j in combinations(range(d),2):bp[i][j]=qsrc[(1<<i)|(1<<j)]^sp[i]^sp[j]
 total=0
 for L in output_maps(z,invertible):
  targets=[[L[bp[i][j]] for j in range(d)] for i in range(d)]
  candidates=[qm[L[x]] for x in sp]
  def rec(cols,ss,smask):
   i=len(cols)
   if i==d:return 1
   can=candidates[i]
   if invertible:can&=~smask
   for j,x in enumerate(cols):can&=masks[x][targets[j][i]]
   count=0
   while can:
    bit=can&-can;v=bit.bit_length()-1;can-=bit
    if invertible:
     new=[x^v for x in ss]
     count+=rec(cols+[v],ss+new,smask|sum(1<<x for x in new))
    else:count+=rec(cols+[v],ss,smask)
    if stop_after_one and count:return 1
   return count
  count=rec([],[0],1)
  total+=count
  if details is not None and count:
   images=[L[1<<i] for i in range(z)]
   details.append({"images":images,"rank":len(independent_basis(images)),"T_count":count})
  if stop_after_one and total:return 1
 return total

@lru_cache(None)
def reduce_q(q,ambient_z):
 d=len(q).bit_length()-1
 wb=independent_basis(q);z=len(wb)
 if z==0:return (0,0,(0,),d+ambient_z)
 wc={v:i for i,v in enumerate(span(wb))};qq=tuple(wc[v] for v in q)
 singular=[v for v in range(1<<d) if qq[v]==0 and
           all(qq[v^(1<<i)]==qq[1<<i] for i in range(d))]
 rb=independent_basis(singular);co=complement(rb,d)
 qq0=tuple(qq[v] for v in span(co))
 return (len(co),z,qq0,len(rb)+ambient_z-z)


class Types:
 def __init__(self):
  self.reps=[(0,0,(0,))];self.aut=[1];self.buckets=defaultdict(list);self.cache={}
 def identify(self,q,ambient_z):
  d,z,core,e=reduce_q(q,ambient_z)
  if d==z==0:return 0,e
  key=(d,z,core)
  if key in self.cache:return self.cache[key],e
  inv=(d,z)  # Exhaustively compare ALL cores of these dimensions.
  for ix in self.buckets[inv]:
   rep=self.reps[ix][2]
   if compatible_pairs(core,rep,z,True,True):self.cache[key]=ix;return ix,e
  count=compatible_pairs(core,core,z,True)
  if count==0:raise AssertionError('identity missing')
  ix=len(self.reps);self.reps.append((d,z,core));self.aut.append(count*(1<<(d*z)))
  self.buckets[inv].append(ix);self.cache[key]=ix
  return ix,e
 def aut_order(self,key):
  ix,e=key;d,z,_=self.reps[ix]
  return self.aut[ix]*(1<<(e*(d+z)))*prod((1<<e)-(1<<i) for i in range(e))

def enumerate_profile(d,z,q):
 types=Types();sub=Counter();quo=Counter();beta,masks,qm=polar_data(q,z)
 for ub,us,ucord,uc,uq in spaces(d):
  u=len(ub);values={q[v] for v in us}
  comms={beta[v][1<<i] for v in ub for i in range(d)}
  for sb,ss,scord,sc,sq in spaces(z):
   if not values.issubset(scord):continue
   w=len(sb);mult=1<<(u*(z-w))
   typ=types.identify(tuple(scord[q[v]] for v in us),w);sub[typ]+=mult
   if comms.issubset(scord):
    typ=types.identify(tuple(sq[q[v]] for v in span(uc)),z-w);quo[typ]+=mult
 return types,sub,quo

def main():
 start=time.time();q=make_q(D,Z,SQUARES,BETA)
 beta,masks,qm=polar_data(q,Z)
 print('Group order:',1<<(D+Z),flush=True)
 print('Quadratic zero vectors:',[v for v,x in enumerate(q) if x==0],flush=True)
 print('Computing subgroup and quotient types by independent isometry search...',flush=True)
 types,sub,quo=enumerate_profile(D,Z,q)
 print('Reduced cores:',len(types.reps),'seconds:',round(time.time()-start,3),flush=True)
 table=[];by_order=defaultdict(lambda:[0,0,0,0])
 P=E=0
 for key in sorted(sub.keys()|quo.keys()):
  ix,e=key;d,z,rep=types.reps[ix];order=1<<(d+z+e);a=types.aut_order(key);s=sub[key];t=quo[key]
  pc=a*s*s;ec=a*s*t;P+=pc;E+=ec
  row={'core_index':ix,'elementary_rank':e,'order':order,'d_core':d,'z_core':z,
       'q_core':rep,'automorphism_order':a,'subgroup_count':s,'quotient_count':t,
       'P_contribution':pc,'E_contribution':ec}
  table.append(row)
  vals=by_order[order];vals[0]+=s;vals[1]+=t;vals[2]+=pc;vals[3]+=ec
 print('P =',P,' E =',E,' D =',P-E,flush=True)
 print('Counts grouped by isomorphism-type order: order; subgroups; quotients; P part; E part')
 for o,row in sorted(by_order.items()):print(o,*row,flush=True)
 print('Independent full endomorphism count by all linear pairs...',flush=True)
 details=[]
 pairs=compatible_pairs(q,q,Z,False,details=details)
 E_direct=pairs*(1<<(D*Z))
 print('Compatible pairs:',pairs,' lifts per pair:',1<<(D*Z),' E_direct:',E_direct,flush=True)
 if E!=E_direct:raise AssertionError(('independent E mismatch',E,E_direct))
 if P!=E or E!=EXPECTED:raise AssertionError(('counterexample count mismatch',P,E,EXPECTED))
 invertible_pairs=compatible_pairs(q,q,Z,True)
 group_aut=invertible_pairs*(1<<(D*Z))
 if invertible_pairs!=64:raise AssertionError(('invertible-pair mismatch',invertible_pairs))
 print('Compatible invertible pairs:',invertible_pairs,' Aut(G):',group_aut,flush=True)
 print('Nonzero output-map counts:',details,flush=True)
 rank_profile={r:sum(x['T_count'] for x in details if x['rank']==r) for r in range(Z+1)}
 if rank_profile!={0:8128,1:0,2:0,3:128}:raise AssertionError(rank_profile)
 if sum(sub.values())!=9362 or sum(quo.values())!=3002:raise AssertionError('lattice total mismatch')
 data={'d':D,'z':Z,'squares':SQUARES,'beta':BETA,'q_table':q,'P':P,'E':E,
       'linear_pairs':pairs,'lifts_per_pair':1<<(D*Z),'by_order':dict(by_order),'profile':table,
       'endomorphism_output_maps':details,'endomorphism_output_rank_profile':rank_profile,
       'invertible_pairs':invertible_pairs,'automorphism_order':group_aut,
       'method':'Independent complete quadratic-isometry backtracking; no orbit database or imported profiles.'}
 path=Path(__file__).resolve().with_name('counterexample_certificate.json')
 path.write_text(json.dumps(data,indent=2))
 print('ALL CHECKS PASSED in',round(time.time()-start,3),'seconds.',flush=True)
 print('Certificate:',path,flush=True)
 import csv
 with path.with_name('counts_by_order.csv').open('w',newline='') as fh:
  w=csv.writer(fh);w.writerow(['type_order','subgroups','quotients','P_contribution','E_contribution'])
  for order,vals in sorted(by_order.items()):w.writerow([order]+vals)
if __name__=='__main__':main()
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verify_cayley.cpp// Independent Cayley-table check: all 512^3 associativity identities and
// all subgroups, constructed by index-two extensions. No quadratic-map
// isomorphism classification or supplied subgroup profiles are used.
#include <array>
#include <bitset>
#include <chrono>
#include <cstdint>
#include <iostream>
#include <unordered_map>
#include <vector>
using namespace std;
using Bits=array<uint64_t,8>;
struct Hasher {size_t operator()(Bits const&a) const noexcept{size_t h=0x9e3779b97f4a7c15ULL;for(auto x:a)h^=x+0x9e3779b97f4a7c15ULL+(h<<6)+(h>>2);return h;}};
bool has(Bits const&a,int x){return (a[x>>6]>>(x&63))&1ULL;}
void put(Bits &a,int x){a[x>>6]|=1ULL<<(x&63);}
struct Sub {Bits bits;vector<int>els,gens;};
int main(){auto start=chrono::steady_clock::now();const int d=6,z=3,N=512;
 int sq[6]={1,4,6,3,0,0};int bet[15]={0,0,0,1,0,0,1,2,0,2,4,0,0,0,0};
 int coc[64][64]={};int beta[64][64]={};
 for(int x=0;x<64;x++)for(int y=0;y<64;y++){
  int f=0,k=0;for(int i=0;i<d;i++)if((x>>i&1)&&(y>>i&1))f^=sq[i];
  for(int i=0;i<d;i++)for(int j=i+1;j<d;j++,k++)if((x>>j&1)&&(y>>i&1))f^=bet[k];coc[x][y]=f;
 }
 for(int x=0;x<64;x++)for(int y=0;y<64;y++)beta[x][y]=coc[x][y]^coc[y][x];
 vector<uint16_t>mul(N*N);for(int a=0;a<N;a++)for(int b=0;b<N;b++)
  mul[a*N+b]=((a&63)^(b&63))|(((a>>6)^(b>>6)^coc[a&63][b&63])<<6);
 for(int a=0;a<N;a++){
  if(mul[a]!=a||mul[a*N]!=a){cerr<<"bad identity\n";return 1;}
  bool inverse=false;for(int b=0;b<N;b++)if(mul[a*N+b]==0&&mul[b*N+a]==0)inverse=true;
  if(!inverse){cerr<<"no inverse\n";return 1;}
 }
 for(int a=0;a<N;a++)for(int b=0;b<N;b++)for(int c=0;c<N;c++)
  if(mul[mul[a*N+b]*N+c]!=mul[a*N+mul[b*N+c]]){cerr<<"bad associativity\n";return 1;}
 cout<<"Identity, inverses, and all 512^3 associativity tests passed.\n";
 vector<Sub>subs;unordered_map<Bits,int,Hasher>known;Sub one{};put(one.bits,0);one.els={0};known[one.bits]=0;subs.push_back(one);
 for(size_t ii=0;ii<subs.size();ii++){
  Sub H=subs[ii];Bits processed=H.bits;
  for(int g=1;g<N;g++){
   if(has(processed,g))continue;
   if(!has(H.bits,mul[g*N+g]))continue;
   bool norm=true;for(int x:H.gens)if(!has(H.bits,beta[g&63][x&63]<<6)){norm=false;break;}
   if(!norm)continue;
   Sub K=H;K.gens.push_back(g);
   for(int x:H.els){int v=mul[g*N+x];put(K.bits,v);put(processed,v);K.els.push_back(v);}
   if(!known.count(K.bits)){known[K.bits]=subs.size();subs.push_back(std::move(K));}
  }
 }
 array<int,10>by{},normal{};int normal_total=0;
 for(auto &H:subs){int k=0;while((1<<k)<int(H.els.size()))k++;by[k]++;
  bool norm=true;for(int g=0;g<d;g++)for(int x:H.gens)if(!has(H.bits,beta[1<<g][x&63]<<6))norm=false;
  if(norm){normal[k]++;normal_total++;}
 }
 int es[10]={1,47,507,1363,2563,2531,1635,651,63,1};
 // These are normal subgroup counts by order, i.e. reverse the quotient column.
 int en[10]={1,15,43,63,111,659,1395,651,63,1};
 cout<<"order subgroups normal_subgroups\n";
 for(int i=0;i<10;i++){cout<<(1<<i)<<" "<<by[i]<<" "<<normal[i]<<"\n";
  if(by[i]!=es[i]||normal[i]!=en[i]){cerr<<"subgroup count mismatch\n";return 1;}}
 int center=0;for(int a=0;a<N;a++){bool ok=true;for(int b=0;b<N;b++)if(mul[a*N+b]!=mul[b*N+a])ok=false;center+=ok;}
 cout<<"Total subgroups: "<<subs.size()<<"; normal: "<<normal_total<<"; center order: "<<center<<"\n";
 if(subs.size()!=9362||normal_total!=3002||center!=16)return 1;
 cout<<"ALL CAYLEY-TABLE CHECKS PASSED; seconds: "<<chrono::duration<double>(chrono::steady_clock::now()-start).count()<<"\n";
}



#!/usr/bin/env python3
"""Compare every printable certificate entry and the printed bilinear law
with freshly regenerated data. Standard library only; no database used."""
from pathlib import Path
from itertools import combinations
from math import prod
import json,re,hashlib
import verify_counterexample as v
here=Path(__file__).parent
data=json.loads((here/'counterexample_certificate.json').read_text())

def f(x,y):
 a,b,c,d,e,t=((x>>i)&1 for i in range(6))
 A,B,C,D,E,T=((y>>i)&1 for i in range(6))
 return ((a*A+d*D+e*A+d*B)%2 | ((c*C+d*D+e*B+d*C)%2)<<1 |
         ((b*B+c*C+e*C)%2)<<2)
q=tuple(f(x,x) for x in range(64))
assert q==tuple(data['q_table'])==v.make_q(6,3,v.SQUARES,v.BETA)
for x in range(64):
 for y in range(64):assert f(x,y)^f(y,x)==q[x^y]^q[x]^q[y]

rows=[]
for line in (here/'types_table.tex').read_text().splitlines():
 if re.match(r'^\$\d+\$',line):
  nums=[int(x.replace(r'\,','')) for x in re.findall(r'\$([\d\\,]+)\$',line)]
  assert len(nums)==6,line
  rows.append(tuple(nums))
expected=[(x['core_index'],x['elementary_rank'],x['order'],x['automorphism_order'],x['subgroup_count'],x['quotient_count']) for x in data['profile']]
assert rows==expected and len(rows)==151

cores={}
for x in data['profile']:
 i=x['core_index'];d=x['d_core'];z=x['z_core'];r=x['elementary_rank']
 autom=x['automorphism_order']//(2**(r*(d+z))*prod(2**r-2**j for j in range(r)))
 rec=(d,z,autom,x['q_core'])
 if i in cores:assert cores[i]==rec
 cores[i]=rec
printed_count=0
for line in (here/'cores_table.tex').read_text().splitlines():
 if not re.match(r'^\$\d+\$',line):continue
 fields=line.split('&');i=int(fields[0].strip().strip('$'));dz=fields[1].strip().strip('$')
 d,z=map(int,dz.split(','));autom=int(fields[2].strip().strip('$').replace(r'\,',''))
 tuples=re.findall(r'\\texttt\{\(([^)]*)\)\}',line)
 if i==0:sq=bt=()
 else:
  sq=tuple(map(int,tuples[0].split(',')))
  bt=tuple(map(int,tuples[1].split(','))) if len(tuples)>1 else ()
 assert (d,z,autom)==cores[i][:3]
 assert v.make_q(d,z,sq,bt)==tuple(cores[i][3]),i
 printed_count+=1
assert printed_count==63
assert sum(a*s*s for i,r,o,a,s,t in rows)==2164260864
assert sum(a*s*t for i,r,o,a,s,t in rows)==2164260864
# Exact-byte comparison with the earlier archived certificate (not a proof premise).
assert hashlib.sha256((here/'counterexample_certificate.json').read_bytes()).hexdigest() == 'd9bec700fe7e9f1c4320feb32b60178f3e031096db6b96201aecfb94da351520'
res={'result':'ALL CHECKS PASSED','printed_type_records':len(rows),'printed_core_records':printed_count,
     'bilinear_pairs_compared':64**2,'weighted_P':data['P'],'weighted_E':data['E'],
     'regenerated_certificate_byte_identical_to_previous':True}
(here/'printed_certificate_checks.json').write_text(json.dumps(res,indent=2)+'\n')
print(json.dumps(res,indent=2))



{
  "d": 6,
  "z": 3,
  "squares": [
    1,
    4,
    6,
    3,
    0,
    0
  ],
  "beta": [
    0,
    0,
    0,
    1,
    0,
    0,
    1,
    2,
    0,
    2,
    4,
    0,
    0,
    0,
    0
  ],
  "q_table": [
    0,
    1,
    4,
    5,
    6,
    7,
    2,
    3,
    3,
    2,
    6,
    7,
    7,
    6,
    2,
    3,
    0,
    0,
    6,
    6,
    2,
    2,
    4,
    4,
    3,
    3,
    4,
    4,
    3,
    3,
    4,
    4,
    0,
    1,
    4,
    5,
    6,
    7,
    2,
    3,
    3,
    2,
    6,
    7,
    7,
    6,
    2,
    3,
    0,
    0,
    6,
    6,
    2,
    2,
    4,
    4,
    3,
    3,
    4,
    4,
    3,
    3,
    4,
    4
  ],
  "P": 2164260864,
  "E": 2164260864,
  "linear_pairs": 8256,
  "lifts_per_pair": 262144,
  "by_order": {
    "1": [
      1,
      1,
      1,
      1
    ],
    "2": [
      47,
      63,
      2209,
      2961
    ],
    "4": [
      507,
      651,
      561398,
      1074150
    ],
    "8": [
      1363,
      1395,
      21820072,
      69136200
    ],
    "16": [
      2563,
      659,
      196562880,
      800573760
    ],
    "32": [
      2531,
      111,
      657056768,
      1259919360
    ],
    "64": [
      1635,
      63,
      749027328,
      0
    ],
    "256": [
      63,
      15,
      136314880,
      16777216
    ],
    "512": [
      1,
      1,
      16777216,
      16777216
    ],
    "128": [
      651,
      43,
      386138112,
      0
    ]
  },
  "profile": [
    {
      "core_index": 0,
      "elementary_rank": 0,
      "order": 1,
      "d_core": 0,
      "z_core": 0,
      "q_core": [
        0
      ],
      "automorphism_order": 1,
      "subgroup_count": 1,
      "quotient_count": 1,
      "P_contribution": 1,
      "E_contribution": 1
    },
    {
      "core_index": 0,
      "elementary_rank": 1,
      "order": 2,
      "d_core": 0,
      "z_core": 0,
      "q_core": [
        0
      ],
      "automorphism_order": 1,
      "subgroup_count": 47,
      "quotient_count": 63,
      "P_contribution": 2209,
      "E_contribution": 2961
    },
    {
      "core_index": 0,
      "elementary_rank": 2,
      "order": 4,
      "d_core": 0,
      "z_core": 0,
      "q_core": [
        0
      ],
      "automorphism_order": 6,
      "subgroup_count": 275,
      "quotient_count": 651,
      "P_contribution": 453750,
      "E_contribution": 1074150
    },
    {
      "core_index": 0,
      "elementary_rank": 3,
      "order": 8,
      "d_core": 0,
      "z_core": 0,
      "q_core": [
        0
      ],
      "automorphism_order": 168,
      "subgroup_count": 295,
      "quotient_count": 1395,
      "P_contribution": 14620200,
      "E_contribution": 69136200
    },
    {
      "core_index": 0,
      "elementary_rank": 4,
      "order": 16,
      "d_core": 0,
      "z_core": 0,
      "q_core": [
        0
      ],
      "automorphism_order": 20160,
      "subgroup_count": 61,
      "quotient_count": 651,
      "P_contribution": 75015360,
      "E_contribution": 800573760
    },
    {
      "core_index": 0,
      "elementary_rank": 5,
      "order": 32,
      "d_core": 0,
      "z_core": 0,
      "q_core": [
        0
      ],
      "automorphism_order": 9999360,
      "subgroup_count": 2,
      "quotient_count": 63,
      "P_contribution": 39997440,
      "E_contribution": 1259919360
    },
    {
      "core_index": 0,
      "elementary_rank": 6,
      "order": 64,
      "d_core": 0,
      "z_core": 0,
      "q_core": [
        0
      ],
      "automorphism_order": 20158709760,
      "subgroup_count": 0,
      "quotient_count": 1,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 1,
      "elementary_rank": 0,
      "order": 256,
      "d_core": 5,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        4,
        5,
        6,
        7,
        7,
        6,
        4,
        5,
        5,
        4,
        6,
        7,
        0,
        0,
        4,
        4,
        6,
        6,
        2,
        2,
        7,
        7,
        2,
        2,
        7,
        7,
        2,
        2
      ],
      "automorphism_order": 65536,
      "subgroup_count": 32,
      "quotient_count": 8,
      "P_contribution": 67108864,
      "E_contribution": 16777216
    },
    {
      "core_index": 1,
      "elementary_rank": 1,
      "order": 512,
      "d_core": 5,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        4,
        5,
        6,
        7,
        7,
        6,
        4,
        5,
        5,
        4,
        6,
        7,
        0,
        0,
        4,
        4,
        6,
        6,
        2,
        2,
        7,
        7,
        2,
        2,
        7,
        7,
        2,
        2
      ],
      "automorphism_order": 16777216,
      "subgroup_count": 1,
      "quotient_count": 1,
      "P_contribution": 16777216,
      "E_contribution": 16777216
    },
    {
      "core_index": 2,
      "elementary_rank": 0,
      "order": 64,
      "d_core": 4,
      "z_core": 2,
      "q_core": [
        0,
        1,
        2,
        3,
        3,
        2,
        2,
        3,
        0,
        2,
        3,
        1,
        3,
        1,
        3,
        1
      ],
      "automorphism_order": 1024,
      "subgroup_count": 0,
      "quotient_count": 16,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 2,
      "elementary_rank": 1,
      "order": 128,
      "d_core": 4,
      "z_core": 2,
      "q_core": [
        0,
        1,
        2,
        3,
        3,
        2,
        2,
        3,
        0,
        2,
        3,
        1,
        3,
        1,
        3,
        1
      ],
      "automorphism_order": 65536,
      "subgroup_count": 0,
      "quotient_count": 12,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 2,
      "elementary_rank": 2,
      "order": 256,
      "d_core": 4,
      "z_core": 2,
      "q_core": [
        0,
        1,
        2,
        3,
        3,
        2,
        2,
        3,
        0,
        2,
        3,
        1,
        3,
        1,
        3,
        1
      ],
      "automorphism_order": 25165824,
      "subgroup_count": 0,
      "quotient_count": 1,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 3,
      "elementary_rank": 0,
      "order": 128,
      "d_core": 5,
      "z_core": 2,
      "q_core": [
        0,
        1,
        2,
        3,
        3,
        2,
        1,
        0,
        0,
        1,
        3,
        2,
        2,
        3,
        1,
        0,
        0,
        0,
        3,
        3,
        1,
        1,
        2,
        2,
        0,
        0,
        2,
        2,
        0,
        0,
        2,
        2
      ],
      "automorphism_order": 4096,
      "subgroup_count": 0,
      "quotient_count": 4,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 3,
      "elementary_rank": 1,
      "order": 256,
      "d_core": 5,
      "z_core": 2,
      "q_core": [
        0,
        1,
        2,
        3,
        3,
        2,
        1,
        0,
        0,
        1,
        3,
        2,
        2,
        3,
        1,
        0,
        0,
        0,
        3,
        3,
        1,
        1,
        2,
        2,
        0,
        0,
        2,
        2,
        0,
        0,
        2,
        2
      ],
      "automorphism_order": 524288,
      "subgroup_count": 0,
      "quotient_count": 1,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 4,
      "elementary_rank": 0,
      "order": 128,
      "d_core": 5,
      "z_core": 2,
      "q_core": [
        0,
        1,
        1,
        0,
        2,
        3,
        3,
        2,
        2,
        3,
        2,
        3,
        3,
        2,
        3,
        2,
        0,
        0,
        2,
        2,
        3,
        3,
        1,
        1,
        2,
        2,
        1,
        1,
        2,
        2,
        1,
        1
      ],
      "automorphism_order": 4096,
      "subgroup_count": 0,
      "quotient_count": 4,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 4,
      "elementary_rank": 1,
      "order": 256,
      "d_core": 5,
      "z_core": 2,
      "q_core": [
        0,
        1,
        1,
        0,
        2,
        3,
        3,
        2,
        2,
        3,
        2,
        3,
        3,
        2,
        3,
        2,
        0,
        0,
        2,
        2,
        3,
        3,
        1,
        1,
        2,
        2,
        1,
        1,
        2,
        2,
        1,
        1
      ],
      "automorphism_order": 524288,
      "subgroup_count": 0,
      "quotient_count": 1,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 5,
      "elementary_rank": 0,
      "order": 128,
      "d_core": 5,
      "z_core": 2,
      "q_core": [
        0,
        1,
        2,
        3,
        1,
        0,
        3,
        2,
        2,
        3,
        1,
        0,
        0,
        1,
        3,
        2,
        0,
        0,
        1,
        1,
        3,
        3,
        2,
        2,
        2,
        2,
        2,
        2,
        2,
        2,
        2,
        2
      ],
      "automorphism_order": 4096,
      "subgroup_count": 0,
      "quotient_count": 4,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 5,
      "elementary_rank": 1,
      "order": 256,
      "d_core": 5,
      "z_core": 2,
      "q_core": [
        0,
        1,
        2,
        3,
        1,
        0,
        3,
        2,
        2,
        3,
        1,
        0,
        0,
        1,
        3,
        2,
        0,
        0,
        1,
        1,
        3,
        3,
        2,
        2,
        2,
        2,
        2,
        2,
        2,
        2,
        2,
        2
      ],
      "automorphism_order": 524288,
      "subgroup_count": 0,
      "quotient_count": 1,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 6,
      "elementary_rank": 0,
      "order": 128,
      "d_core": 5,
      "z_core": 2,
      "q_core": [
        0,
        1,
        2,
        3,
        2,
        3,
        0,
        1,
        1,
        0,
        2,
        3,
        3,
        2,
        0,
        1,
        0,
        0,
        2,
        2,
        0,
        0,
        2,
        2,
        1,
        1,
        2,
        2,
        1,
        1,
        2,
        2
      ],
      "automorphism_order": 8192,
      "subgroup_count": 0,
      "quotient_count": 4,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 6,
      "elementary_rank": 1,
      "order": 256,
      "d_core": 5,
      "z_core": 2,
      "q_core": [
        0,
        1,
        2,
        3,
        2,
        3,
        0,
        1,
        1,
        0,
        2,
        3,
        3,
        2,
        0,
        1,
        0,
        0,
        2,
        2,
        0,
        0,
        2,
        2,
        1,
        1,
        2,
        2,
        1,
        1,
        2,
        2
      ],
      "automorphism_order": 1048576,
      "subgroup_count": 0,
      "quotient_count": 1,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 7,
      "elementary_rank": 0,
      "order": 128,
      "d_core": 5,
      "z_core": 2,
      "q_core": [
        0,
        1,
        2,
        3,
        0,
        1,
        2,
        3,
        3,
        2,
        0,
        1,
        1,
        0,
        2,
        3,
        0,
        0,
        0,
        0,
        2,
        2,
        2,
        2,
        3,
        3,
        2,
        2,
        3,
        3,
        2,
        2
      ],
      "automorphism_order": 4096,
      "subgroup_count": 0,
      "quotient_count": 4,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 7,
      "elementary_rank": 1,
      "order": 256,
      "d_core": 5,
      "z_core": 2,
      "q_core": [
        0,
        1,
        2,
        3,
        0,
        1,
        2,
        3,
        3,
        2,
        0,
        1,
        1,
        0,
        2,
        3,
        0,
        0,
        0,
        0,
        2,
        2,
        2,
        2,
        3,
        3,
        2,
        2,
        3,
        3,
        2,
        2
      ],
      "automorphism_order": 524288,
      "subgroup_count": 0,
      "quotient_count": 1,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 8,
      "elementary_rank": 0,
      "order": 128,
      "d_core": 5,
      "z_core": 2,
      "q_core": [
        0,
        1,
        0,
        1,
        2,
        3,
        2,
        3,
        3,
        2,
        2,
        3,
        3,
        2,
        2,
        3,
        0,
        0,
        2,
        2,
        2,
        2,
        0,
        0,
        3,
        3,
        0,
        0,
        3,
        3,
        0,
        0
      ],
      "automorphism_order": 16384,
      "subgroup_count": 0,
      "quotient_count": 4,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 8,
      "elementary_rank": 1,
      "order": 256,
      "d_core": 5,
      "z_core": 2,
      "q_core": [
        0,
        1,
        0,
        1,
        2,
        3,
        2,
        3,
        3,
        2,
        2,
        3,
        3,
        2,
        2,
        3,
        0,
        0,
        2,
        2,
        2,
        2,
        0,
        0,
        3,
        3,
        0,
        0,
        3,
        3,
        0,
        0
      ],
      "automorphism_order": 2097152,
      "subgroup_count": 0,
      "quotient_count": 1,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 9,
      "elementary_rank": 0,
      "order": 16,
      "d_core": 3,
      "z_core": 1,
      "q_core": [
        0,
        1,
        1,
        0,
        0,
        1,
        0,
        1
      ],
      "automorphism_order": 48,
      "subgroup_count": 0,
      "quotient_count": 8,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 9,
      "elementary_rank": 1,
      "order": 32,
      "d_core": 3,
      "z_core": 1,
      "q_core": [
        0,
        1,
        1,
        0,
        0,
        1,
        0,
        1
      ],
      "automorphism_order": 768,
      "subgroup_count": 0,
      "quotient_count": 28,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 9,
      "elementary_rank": 2,
      "order": 64,
      "d_core": 3,
      "z_core": 1,
      "q_core": [
        0,
        1,
        1,
        0,
        0,
        1,
        0,
        1
      ],
      "automorphism_order": 73728,
      "subgroup_count": 0,
      "quotient_count": 14,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 9,
      "elementary_rank": 3,
      "order": 128,
      "d_core": 3,
      "z_core": 1,
      "q_core": [
        0,
        1,
        1,
        0,
        0,
        1,
        0,
        1
      ],
      "automorphism_order": 33030144,
      "subgroup_count": 0,
      "quotient_count": 1,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 10,
      "elementary_rank": 0,
      "order": 32,
      "d_core": 4,
      "z_core": 1,
      "q_core": [
        0,
        1,
        1,
        0,
        1,
        0,
        1,
        0,
        0,
        0,
        1,
        1,
        1,
        1,
        1,
        1
      ],
      "automorphism_order": 1920,
      "subgroup_count": 0,
      "quotient_count": 12,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 10,
      "elementary_rank": 1,
      "order": 64,
      "d_core": 4,
      "z_core": 1,
      "q_core": [
        0,
        1,
        1,
        0,
        1,
        0,
        1,
        0,
        0,
        0,
        1,
        1,
        1,
        1,
        1,
        1
      ],
      "automorphism_order": 61440,
      "subgroup_count": 0,
      "quotient_count": 18,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 10,
      "elementary_rank": 2,
      "order": 128,
      "d_core": 4,
      "z_core": 1,
      "q_core": [
        0,
        1,
        1,
        0,
        1,
        0,
        1,
        0,
        0,
        0,
        1,
        1,
        1,
        1,
        1,
        1
      ],
      "automorphism_order": 11796480,
      "subgroup_count": 0,
      "quotient_count": 3,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 11,
      "elementary_rank": 0,
      "order": 64,
      "d_core": 5,
      "z_core": 1,
      "q_core": [
        0,
        1,
        1,
        0,
        0,
        1,
        1,
        0,
        0,
        1,
        0,
        1,
        1,
        0,
        1,
        0,
        0,
        0,
        0,
        0,
        1,
        1,
        1,
        1,
        0,
        0,
        1,
        1,
        0,
        0,
        1,
        1
      ],
      "automorphism_order": 23040,
      "subgroup_count": 0,
      "quotient_count": 2,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 11,
      "elementary_rank": 1,
      "order": 128,
      "d_core": 5,
      "z_core": 1,
      "q_core": [
        0,
        1,
        1,
        0,
        0,
        1,
        1,
        0,
        0,
        1,
        0,
        1,
        1,
        0,
        1,
        0,
        0,
        0,
        0,
        0,
        1,
        1,
        1,
        1,
        0,
        0,
        1,
        1,
        0,
        0,
        1,
        1
      ],
      "automorphism_order": 1474560,
      "subgroup_count": 0,
      "quotient_count": 1,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 12,
      "elementary_rank": 0,
      "order": 32,
      "d_core": 4,
      "z_core": 1,
      "q_core": [
        0,
        1,
        0,
        1,
        0,
        1,
        1,
        0,
        0,
        0,
        1,
        1,
        0,
        0,
        0,
        0
      ],
      "automorphism_order": 1152,
      "subgroup_count": 0,
      "quotient_count": 8,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 12,
      "elementary_rank": 1,
      "order": 64,
      "d_core": 4,
      "z_core": 1,
      "q_core": [
        0,
        1,
        0,
        1,
        0,
        1,
        1,
        0,
        0,
        0,
        1,
        1,
        0,
        0,
        0,
        0
      ],
      "automorphism_order": 36864,
      "subgroup_count": 0,
      "quotient_count": 12,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 12,
      "elementary_rank": 2,
      "order": 128,
      "d_core": 4,
      "z_core": 1,
      "q_core": [
        0,
        1,
        0,
        1,
        0,
        1,
        1,
        0,
        0,
        0,
        1,
        1,
        0,
        0,
        0,
        0
      ],
      "automorphism_order": 7077888,
      "subgroup_count": 0,
      "quotient_count": 2,
      "P_contribution": 0,
      "E_contribution": 0
    },
    {
      "core_index": 13,
      "elementary_rank": 0,
      "order": 4,
      "d_core": 1,
      "z_core": 1,
      "q_core": [
        0,
        1
      ],
      "automorphism_order": 2,
      "subgroup_count": 232,
      "quotient_count": 0,
      "P_contribution": 107648,
      "E_contribution": 0
    },
    {
      "core_index": 13,
      "elementary_rank": 1,
      "order": 8,
      "d_core": 1,
      "z_core": 1,
      "q_core": [
        0,
        1
      ],
      "automorphism_order": 8,
      "subgroup_count": 940,
      "quotient_count": 0,
      "P_contribution": 7068800,
      "E_contribution": 0
    },
    {
      "core_index": 13,
      "elementary_rank": 2,
      "order": 16,
      "d_core": 1,
      "z_core": 1,
      "q_core": [
        0,
        1
      ],
      "automorphism_order": 192,
      "subgroup_count": 630,
      "quotient_count": 0,
      "P_contribution": 76204800,
      "E_contribution": 0
    },
    {
      "core_index": 13,
      "elementary_rank": 3,
      "order": 32,
      "d_core": 1,
      "z_core": 1,
      "q_core": [
        0,
        1
      ],
      "automorphism_order": 21504,
      "subgroup_count": 85,
      "quotient_count": 0,
      "P_contribution": 155366400,
      "E_contribution": 0
    },
    {
      "core_index": 13,
      "elementary_rank": 4,
      "order": 64,
      "d_core": 1,
      "z_core": 1,
      "q_core": [
        0,
        1
      ],
      "automorphism_order": 10321920,
      "subgroup_count": 2,
      "quotient_count": 0,
      "P_contribution": 41287680,
      "E_contribution": 0
    },
    {
      "core_index": 14,
      "elementary_rank": 0,
      "order": 16,
      "d_core": 2,
      "z_core": 2,
      "q_core": [
        0,
        1,
        2,
        3
      ],
      "automorphism_order": 96,
      "subgroup_count": 272,
      "quotient_count": 0,
      "P_contribution": 7102464,
      "E_contribution": 0
    },
    {
      "core_index": 14,
      "elementary_rank": 1,
      "order": 32,
      "d_core": 2,
      "z_core": 2,
      "q_core": [
        0,
        1,
        2,
        3
      ],
      "automorphism_order": 1536,
      "subgroup_count": 204,
      "quotient_count": 0,
      "P_contribution": 63922176,
      "E_contribution": 0
    },
    {
      "core_index": 14,
      "elementary_rank": 2,
      "order": 64,
      "d_core": 2,
      "z_core": 2,
      "q_core": [
        0,
        1,
        2,
        3
      ],
      "automorphism_order": 147456,
      "subgroup_count": 17,
      "quotient_count": 0,
      "P_contribution": 42614784,
      "E_contribution": 0
    },
    {
      "core_index": 15,
      "elementary_rank": 0,
      "order": 32,
      "d_core": 2,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        4
      ],
      "automorphism_order": 384,
      "subgroup_count": 192,
      "quotient_count": 0,
      "P_contribution": 14155776,
      "E_contribution": 0
    },
    {
      "core_index": 15,
      "elementary_rank": 1,
      "order": 64,
      "d_core": 2,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        4
      ],
      "automorphism_order": 12288,
      "subgroup_count": 48,
      "quotient_count": 0,
      "P_contribution": 28311552,
      "E_contribution": 0
    },
    {
      "core_index": 16,
      "elementary_rank": 0,
      "order": 16,
      "d_core": 2,
      "z_core": 2,
      "q_core": [
        0,
        0,
        1,
        2
      ],
      "automorphism_order": 32,
      "subgroup_count": 416,
      "quotient_count": 0,
      "P_contribution": 5537792,
      "E_contribution": 0
    },
    {
      "core_index": 16,
      "elementary_rank": 1,
      "order": 32,
      "d_core": 2,
      "z_core": 2,
      "q_core": [
        0,
        0,
        1,
        2
      ],
      "automorphism_order": 512,
      "subgroup_count": 312,
      "quotient_count": 0,
      "P_contribution": 49840128,
      "E_contribution": 0
    },
    {
      "core_index": 16,
      "elementary_rank": 2,
      "order": 64,
      "d_core": 2,
      "z_core": 2,
      "q_core": [
        0,
        0,
        1,
        2
      ],
      "automorphism_order": 49152,
      "subgroup_count": 26,
      "quotient_count": 0,
      "P_contribution": 33226752,
      "E_contribution": 0
    },
    {
      "core_index": 17,
      "elementary_rank": 0,
      "order": 16,
      "d_core": 2,
      "z_core": 2,
      "q_core": [
        0,
        1,
        2,
        2
      ],
      "automorphism_order": 32,
      "subgroup_count": 960,
      "quotient_count": 0,
      "P_contribution": 29491200,
      "E_contribution": 0
    },
    {
      "core_index": 17,
      "elementary_rank": 1,
      "order": 32,
      "d_core": 2,
      "z_core": 2,
      "q_core": [
        0,
        1,
        2,
        2
      ],
      "automorphism_order": 512,
      "subgroup_count": 720,
      "quotient_count": 0,
      "P_contribution": 265420800,
      "E_contribution": 0
    },
    {
      "core_index": 17,
      "elementary_rank": 2,
      "order": 64,
      "d_core": 2,
      "z_core": 2,
      "q_core": [
        0,
        1,
        2,
        2
      ],
      "automorphism_order": 49152,
      "subgroup_count": 60,
      "quotient_count": 0,
      "P_contribution": 176947200,
      "E_contribution": 0
    },
    {
      "core_index": 18,
      "elementary_rank": 0,
      "order": 8,
      "d_core": 2,
      "z_core": 1,
      "q_core": [
        0,
        1,
        1,
        1
      ],
      "automorphism_order": 24,
      "subgroup_count": 64,
      "quotient_count": 0,
      "P_contribution": 98304,
      "E_contribution": 0
    },
    {
      "core_index": 18,
      "elementary_rank": 1,
      "order": 16,
      "d_core": 2,
      "z_core": 1,
      "q_core": [
        0,
        1,
        1,
        1
      ],
      "automorphism_order": 192,
      "subgroup_count": 112,
      "quotient_count": 0,
      "P_contribution": 2408448,
      "E_contribution": 0
    },
    {
      "core_index": 18,
      "elementary_rank": 2,
      "order": 32,
      "d_core": 2,
      "z_core": 1,
      "q_core": [
        0,
        1,
        1,
        1
      ],
      "automorphism_order": 9216,
      "subgroup_count": 28,
      "quotient_count": 0,
      "P_contribution": 7225344,
      "E_contribution": 0
    },
    {
      "core_index": 18,
      "elementary_rank": 3,
      "order": 64,
      "d_core": 2,
      "z_core": 1,
      "q_core": [
        0,
        1,
        1,
        1
      ],
      "automorphism_order": 2064384,
      "subgroup_count": 1,
      "quotient_count": 0,
      "P_contribution": 2064384,
      "E_contribution": 0
    },
    {
      "core_index": 19,
      "elementary_rank": 0,
      "order": 8,
      "d_core": 2,
      "z_core": 1,
      "q_core": [
        0,
        1,
        0,
        0
      ],
      "automorphism_order": 8,
      "subgroup_count": 64,
      "quotient_count": 0,
      "P_contribution": 32768,
      "E_contribution": 0
    },
    {
      "core_index": 19,
      "elementary_rank": 1,
      "order": 16,
      "d_core": 2,
      "z_core": 1,
      "q_core": [
        0,
        1,
        0,
        0
      ],
      "automorphism_order": 64,
      "subgroup_count": 112,
      "quotient_count": 0,
      "P_contribution": 802816,
      "E_contribution": 0
    },
    {
      "core_index": 19,
      "elementary_rank": 2,
      "order": 32,
      "d_core": 2,
      "z_core": 1,
      "q_core": [
        0,
        1,
        0,
        0
      ],
      "automorphism_order": 3072,
      "subgroup_count": 28,
      "quotient_count": 0,
      "P_contribution": 2408448,
      "E_contribution": 0
    },
    {
      "core_index": 19,
      "elementary_rank": 3,
      "order": 64,
      "d_core": 2,
      "z_core": 1,
      "q_core": [
        0,
        1,
        0,
        0
      ],
      "automorphism_order": 688128,
      "subgroup_count": 1,
      "quotient_count": 0,
      "P_contribution": 688128,
      "E_contribution": 0
    },
    {
      "core_index": 20,
      "elementary_rank": 0,
      "order": 64,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        4,
        5,
        6,
        7
      ],
      "automorphism_order": 86016,
      "subgroup_count": 8,
      "quotient_count": 0,
      "P_contribution": 5505024,
      "E_contribution": 0
    },
    {
      "core_index": 20,
      "elementary_rank": 1,
      "order": 128,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        4,
        5,
        6,
        7
      ],
      "automorphism_order": 5505024,
      "subgroup_count": 1,
      "quotient_count": 0,
      "P_contribution": 5505024,
      "E_contribution": 0
    },
    {
      "core_index": 21,
      "elementary_rank": 0,
      "order": 64,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        4,
        3,
        3,
        1,
        6
      ],
      "automorphism_order": 512,
      "subgroup_count": 96,
      "quotient_count": 0,
      "P_contribution": 4718592,
      "E_contribution": 0
    },
    {
      "core_index": 21,
      "elementary_rank": 1,
      "order": 128,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        4,
        3,
        3,
        1,
        6
      ],
      "automorphism_order": 32768,
      "subgroup_count": 12,
      "quotient_count": 0,
      "P_contribution": 4718592,
      "E_contribution": 0
    },
    {
      "core_index": 22,
      "elementary_rank": 0,
      "order": 32,
      "d_core": 3,
      "z_core": 2,
      "q_core": [
        0,
        0,
        1,
        2,
        2,
        3,
        3,
        1
      ],
      "automorphism_order": 192,
      "subgroup_count": 384,
      "quotient_count": 0,
      "P_contribution": 28311552,
      "E_contribution": 0
    },
    {
      "core_index": 22,
      "elementary_rank": 1,
      "order": 64,
      "d_core": 3,
      "z_core": 2,
      "q_core": [
        0,
        0,
        1,
        2,
        2,
        3,
        3,
        1
      ],
      "automorphism_order": 6144,
      "subgroup_count": 144,
      "quotient_count": 0,
      "P_contribution": 127401984,
      "E_contribution": 0
    },
    {
      "core_index": 22,
      "elementary_rank": 2,
      "order": 128,
      "d_core": 3,
      "z_core": 2,
      "q_core": [
        0,
        0,
        1,
        2,
        2,
        3,
        3,
        1
      ],
      "automorphism_order": 1179648,
      "subgroup_count": 6,
      "quotient_count": 0,
      "P_contribution": 42467328,
      "E_contribution": 0
    },
    {
      "core_index": 23,
      "elementary_rank": 0,
      "order": 64,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        2,
        4,
        1,
        6,
        2
      ],
      "automorphism_order": 1024,
      "subgroup_count": 256,
      "quotient_count": 0,
      "P_contribution": 67108864,
      "E_contribution": 0
    },
    {
      "core_index": 23,
      "elementary_rank": 1,
      "order": 128,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        2,
        4,
        1,
        6,
        2
      ],
      "automorphism_order": 65536,
      "subgroup_count": 32,
      "quotient_count": 0,
      "P_contribution": 67108864,
      "E_contribution": 0
    },
    {
      "core_index": 24,
      "elementary_rank": 0,
      "order": 64,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        2,
        3,
        4,
        5
      ],
      "automorphism_order": 2048,
      "subgroup_count": 48,
      "quotient_count": 0,
      "P_contribution": 4718592,
      "E_contribution": 0
    },
    {
      "core_index": 24,
      "elementary_rank": 1,
      "order": 128,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        2,
        3,
        4,
        5
      ],
      "automorphism_order": 131072,
      "subgroup_count": 6,
      "quotient_count": 0,
      "P_contribution": 4718592,
      "E_contribution": 0
    },
    {
      "core_index": 25,
      "elementary_rank": 0,
      "order": 64,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        2,
        2,
        1,
        4,
        6
      ],
      "automorphism_order": 1024,
      "subgroup_count": 112,
      "quotient_count": 0,
      "P_contribution": 12845056,
      "E_contribution": 0
    },
    {
      "core_index": 25,
      "elementary_rank": 1,
      "order": 128,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        2,
        2,
        1,
        4,
        6
      ],
      "automorphism_order": 65536,
      "subgroup_count": 14,
      "quotient_count": 0,
      "P_contribution": 12845056,
      "E_contribution": 0
    },
    {
      "core_index": 26,
      "elementary_rank": 0,
      "order": 32,
      "d_core": 3,
      "z_core": 2,
      "q_core": [
        0,
        1,
        2,
        3,
        2,
        2,
        3,
        3
      ],
      "automorphism_order": 256,
      "subgroup_count": 320,
      "quotient_count": 0,
      "P_contribution": 26214400,
      "E_contribution": 0
    },
    {
      "core_index": 26,
      "elementary_rank": 1,
      "order": 64,
      "d_core": 3,
      "z_core": 2,
      "q_core": [
        0,
        1,
        2,
        3,
        2,
        2,
        3,
        3
      ],
      "automorphism_order": 8192,
      "subgroup_count": 120,
      "quotient_count": 0,
      "P_contribution": 117964800,
      "E_contribution": 0
    },
    {
      "core_index": 26,
      "elementary_rank": 2,
      "order": 128,
      "d_core": 3,
      "z_core": 2,
      "q_core": [
        0,
        1,
        2,
        3,
        2,
        2,
        3,
        3
      ],
      "automorphism_order": 1572864,
      "subgroup_count": 5,
      "quotient_count": 0,
      "P_contribution": 39321600,
      "E_contribution": 0
    },
    {
      "core_index": 27,
      "elementary_rank": 0,
      "order": 64,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        0,
        1,
        2,
        1,
        4,
        5,
        3
      ],
      "automorphism_order": 512,
      "subgroup_count": 112,
      "quotient_count": 0,
      "P_contribution": 6422528,
      "E_contribution": 0
    },
    {
      "core_index": 27,
      "elementary_rank": 1,
      "order": 128,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        0,
        1,
        2,
        1,
        4,
        5,
        3
      ],
      "automorphism_order": 32768,
      "subgroup_count": 14,
      "quotient_count": 0,
      "P_contribution": 6422528,
      "E_contribution": 0
    },
    {
      "core_index": 28,
      "elementary_rank": 0,
      "order": 64,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        2,
        4,
        5,
        2,
        2
      ],
      "automorphism_order": 12288,
      "subgroup_count": 32,
      "quotient_count": 0,
      "P_contribution": 12582912,
      "E_contribution": 0
    },
    {
      "core_index": 28,
      "elementary_rank": 1,
      "order": 128,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        2,
        4,
        5,
        2,
        2
      ],
      "automorphism_order": 786432,
      "subgroup_count": 4,
      "quotient_count": 0,
      "P_contribution": 12582912,
      "E_contribution": 0
    },
    {
      "core_index": 29,
      "elementary_rank": 0,
      "order": 64,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        0,
        1,
        2,
        4,
        5,
        1,
        3
      ],
      "automorphism_order": 1024,
      "subgroup_count": 80,
      "quotient_count": 0,
      "P_contribution": 6553600,
      "E_contribution": 0
    },
    {
      "core_index": 29,
      "elementary_rank": 1,
      "order": 128,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        0,
        1,
        2,
        4,
        5,
        1,
        3
      ],
      "automorphism_order": 65536,
      "subgroup_count": 10,
      "quotient_count": 0,
      "P_contribution": 6553600,
      "E_contribution": 0
    },
    {
      "core_index": 30,
      "elementary_rank": 0,
      "order": 64,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        4,
        5,
        7,
        6
      ],
      "automorphism_order": 12288,
      "subgroup_count": 16,
      "quotient_count": 0,
      "P_contribution": 3145728,
      "E_contribution": 0
    },
    {
      "core_index": 30,
      "elementary_rank": 1,
      "order": 128,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        4,
        5,
        7,
        6
      ],
      "automorphism_order": 786432,
      "subgroup_count": 2,
      "quotient_count": 0,
      "P_contribution": 3145728,
      "E_contribution": 0
    },
    {
      "core_index": 31,
      "elementary_rank": 0,
      "order": 64,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        4,
        4,
        7,
        5,
        1
      ],
      "automorphism_order": 1024,
      "subgroup_count": 64,
      "quotient_count": 0,
      "P_contribution": 4194304,
      "E_contribution": 0
    },
    {
      "core_index": 31,
      "elementary_rank": 1,
      "order": 128,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        4,
        4,
        7,
        5,
        1
      ],
      "automorphism_order": 65536,
      "subgroup_count": 8,
      "quotient_count": 0,
      "P_contribution": 4194304,
      "E_contribution": 0
    },
    {
      "core_index": 32,
      "elementary_rank": 0,
      "order": 64,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        0,
        1,
        2,
        4,
        2,
        4,
        1
      ],
      "automorphism_order": 1536,
      "subgroup_count": 112,
      "quotient_count": 0,
      "P_contribution": 19267584,
      "E_contribution": 0
    },
    {
      "core_index": 32,
      "elementary_rank": 1,
      "order": 128,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        0,
        1,
        2,
        4,
        2,
        4,
        1
      ],
      "automorphism_order": 98304,
      "subgroup_count": 14,
      "quotient_count": 0,
      "P_contribution": 19267584,
      "E_contribution": 0
    },
    {
      "core_index": 33,
      "elementary_rank": 0,
      "order": 64,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        4,
        1,
        3,
        7,
        2
      ],
      "automorphism_order": 4096,
      "subgroup_count": 24,
      "quotient_count": 0,
      "P_contribution": 2359296,
      "E_contribution": 0
    },
    {
      "core_index": 33,
      "elementary_rank": 1,
      "order": 128,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        4,
        1,
        3,
        7,
        2
      ],
      "automorphism_order": 262144,
      "subgroup_count": 3,
      "quotient_count": 0,
      "P_contribution": 2359296,
      "E_contribution": 0
    },
    {
      "core_index": 34,
      "elementary_rank": 0,
      "order": 64,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        3,
        4,
        4,
        3
      ],
      "automorphism_order": 2048,
      "subgroup_count": 16,
      "quotient_count": 0,
      "P_contribution": 524288,
      "E_contribution": 0
    },
    {
      "core_index": 34,
      "elementary_rank": 1,
      "order": 128,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        3,
        4,
        4,
        3
      ],
      "automorphism_order": 131072,
      "subgroup_count": 2,
      "quotient_count": 0,
      "P_contribution": 524288,
      "E_contribution": 0
    },
    {
      "core_index": 35,
      "elementary_rank": 0,
      "order": 64,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        0,
        1,
        2,
        4,
        4,
        2,
        1
      ],
      "automorphism_order": 2048,
      "subgroup_count": 32,
      "quotient_count": 0,
      "P_contribution": 2097152,
      "E_contribution": 0
    },
    {
      "core_index": 35,
      "elementary_rank": 1,
      "order": 128,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        0,
        1,
        2,
        4,
        4,
        2,
        1
      ],
      "automorphism_order": 131072,
      "subgroup_count": 4,
      "quotient_count": 0,
      "P_contribution": 2097152,
      "E_contribution": 0
    },
    {
      "core_index": 36,
      "elementary_rank": 0,
      "order": 32,
      "d_core": 3,
      "z_core": 2,
      "q_core": [
        0,
        1,
        2,
        3,
        3,
        2,
        2,
        3
      ],
      "automorphism_order": 384,
      "subgroup_count": 64,
      "quotient_count": 0,
      "P_contribution": 1572864,
      "E_contribution": 0
    },
    {
      "core_index": 36,
      "elementary_rank": 1,
      "order": 64,
      "d_core": 3,
      "z_core": 2,
      "q_core": [
        0,
        1,
        2,
        3,
        3,
        2,
        2,
        3
      ],
      "automorphism_order": 12288,
      "subgroup_count": 24,
      "quotient_count": 0,
      "P_contribution": 7077888,
      "E_contribution": 0
    },
    {
      "core_index": 36,
      "elementary_rank": 2,
      "order": 128,
      "d_core": 3,
      "z_core": 2,
      "q_core": [
        0,
        1,
        2,
        3,
        3,
        2,
        2,
        3
      ],
      "automorphism_order": 2359296,
      "subgroup_count": 1,
      "quotient_count": 0,
      "P_contribution": 2359296,
      "E_contribution": 0
    },
    {
      "core_index": 37,
      "elementary_rank": 0,
      "order": 64,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        0,
        1,
        2,
        3,
        3,
        4,
        7
      ],
      "automorphism_order": 4096,
      "subgroup_count": 16,
      "quotient_count": 0,
      "P_contribution": 1048576,
      "E_contribution": 0
    },
    {
      "core_index": 37,
      "elementary_rank": 1,
      "order": 128,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        0,
        1,
        2,
        3,
        3,
        4,
        7
      ],
      "automorphism_order": 262144,
      "subgroup_count": 2,
      "quotient_count": 0,
      "P_contribution": 1048576,
      "E_contribution": 0
    },
    {
      "core_index": 38,
      "elementary_rank": 0,
      "order": 64,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        4,
        4,
        4,
        3,
        4
      ],
      "automorphism_order": 3072,
      "subgroup_count": 16,
      "quotient_count": 0,
      "P_contribution": 786432,
      "E_contribution": 0
    },
    {
      "core_index": 38,
      "elementary_rank": 1,
      "order": 128,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        4,
        4,
        4,
        3,
        4
      ],
      "automorphism_order": 196608,
      "subgroup_count": 2,
      "quotient_count": 0,
      "P_contribution": 786432,
      "E_contribution": 0
    },
    {
      "core_index": 39,
      "elementary_rank": 0,
      "order": 32,
      "d_core": 3,
      "z_core": 2,
      "q_core": [
        0,
        0,
        1,
        2,
        2,
        2,
        1,
        2
      ],
      "automorphism_order": 128,
      "subgroup_count": 128,
      "quotient_count": 0,
      "P_contribution": 2097152,
      "E_contribution": 0
    },
    {
      "core_index": 39,
      "elementary_rank": 1,
      "order": 64,
      "d_core": 3,
      "z_core": 2,
      "q_core": [
        0,
        0,
        1,
        2,
        2,
        2,
        1,
        2
      ],
      "automorphism_order": 4096,
      "subgroup_count": 48,
      "quotient_count": 0,
      "P_contribution": 9437184,
      "E_contribution": 0
    },
    {
      "core_index": 39,
      "elementary_rank": 2,
      "order": 128,
      "d_core": 3,
      "z_core": 2,
      "q_core": [
        0,
        0,
        1,
        2,
        2,
        2,
        1,
        2
      ],
      "automorphism_order": 786432,
      "subgroup_count": 2,
      "quotient_count": 0,
      "P_contribution": 3145728,
      "E_contribution": 0
    },
    {
      "core_index": 40,
      "elementary_rank": 0,
      "order": 64,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        0,
        0,
        4,
        4
      ],
      "automorphism_order": 2048,
      "subgroup_count": 48,
      "quotient_count": 0,
      "P_contribution": 4718592,
      "E_contribution": 0
    },
    {
      "core_index": 40,
      "elementary_rank": 1,
      "order": 128,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        0,
        0,
        4,
        4
      ],
      "automorphism_order": 131072,
      "subgroup_count": 6,
      "quotient_count": 0,
      "P_contribution": 4718592,
      "E_contribution": 0
    },
    {
      "core_index": 41,
      "elementary_rank": 0,
      "order": 64,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        0,
        1,
        2,
        4,
        4,
        7,
        4
      ],
      "automorphism_order": 1024,
      "subgroup_count": 32,
      "quotient_count": 0,
      "P_contribution": 1048576,
      "E_contribution": 0
    },
    {
      "core_index": 41,
      "elementary_rank": 1,
      "order": 128,
      "d_core": 3,
      "z_core": 3,
      "q_core": [
        0,
        0,
        1,
        2,
        4,
        4,
        7,
        4
      ],
      "automorphism_order": 65536,
      "subgroup_count": 4,
      "quotient_count": 0,
      "P_contribution": 1048576,
      "E_contribution": 0
    },
    {
      "core_index": 42,
      "elementary_rank": 0,
      "order": 32,
      "d_core": 3,
      "z_core": 2,
      "q_core": [
        0,
        1,
        2,
        3,
        0,
        0,
        2,
        2
      ],
      "automorphism_order": 128,
      "subgroup_count": 64,
      "quotient_count": 0,
      "P_contribution": 524288,
      "E_contribution": 0
    },
    {
      "core_index": 42,
      "elementary_rank": 1,
      "order": 64,
      "d_core": 3,
      "z_core": 2,
      "q_core": [
        0,
        1,
        2,
        3,
        0,
        0,
        2,
        2
      ],
      "automorphism_order": 4096,
      "subgroup_count": 24,
      "quotient_count": 0,
      "P_contribution": 2359296,
      "E_contribution": 0
    },
    {
      "core_index": 42,
      "elementary_rank": 2,
      "order": 128,
      "d_core": 3,
      "z_core": 2,
      "q_core": [
        0,
        1,
        2,
        3,
        0,
        0,
        2,
        2
      ],
      "automorphism_order": 786432,
      "subgroup_count": 1,
      "quotient_count": 0,
      "P_contribution": 786432,
      "E_contribution": 0
    },
    {
      "core_index": 43,
      "elementary_rank": 0,
      "order": 128,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        4,
        5,
        6,
        7,
        7,
        6,
        4,
        5,
        5,
        4,
        6,
        7
      ],
      "automorphism_order": 16384,
      "subgroup_count": 16,
      "quotient_count": 0,
      "P_contribution": 4194304,
      "E_contribution": 0
    },
    {
      "core_index": 43,
      "elementary_rank": 1,
      "order": 256,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        4,
        5,
        6,
        7,
        7,
        6,
        4,
        5,
        5,
        4,
        6,
        7
      ],
      "automorphism_order": 2097152,
      "subgroup_count": 1,
      "quotient_count": 0,
      "P_contribution": 2097152,
      "E_contribution": 0
    },
    {
      "core_index": 44,
      "elementary_rank": 0,
      "order": 128,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        0,
        1,
        2,
        2,
        3,
        3,
        1,
        4,
        4,
        2,
        1,
        5,
        4,
        3,
        1
      ],
      "automorphism_order": 8192,
      "subgroup_count": 32,
      "quotient_count": 0,
      "P_contribution": 8388608,
      "E_contribution": 0
    },
    {
      "core_index": 44,
      "elementary_rank": 1,
      "order": 256,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        0,
        1,
        2,
        2,
        3,
        3,
        1,
        4,
        4,
        2,
        1,
        5,
        4,
        3,
        1
      ],
      "automorphism_order": 1048576,
      "subgroup_count": 2,
      "quotient_count": 0,
      "P_contribution": 4194304,
      "E_contribution": 0
    },
    {
      "core_index": 45,
      "elementary_rank": 0,
      "order": 128,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        2,
        2,
        3,
        4,
        4,
        7,
        6,
        4,
        4,
        3,
        2,
        4,
        4
      ],
      "automorphism_order": 16384,
      "subgroup_count": 16,
      "quotient_count": 0,
      "P_contribution": 4194304,
      "E_contribution": 0
    },
    {
      "core_index": 45,
      "elementary_rank": 1,
      "order": 256,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        2,
        2,
        3,
        4,
        4,
        7,
        6,
        4,
        4,
        3,
        2,
        4,
        4
      ],
      "automorphism_order": 2097152,
      "subgroup_count": 1,
      "quotient_count": 0,
      "P_contribution": 2097152,
      "E_contribution": 0
    },
    {
      "core_index": 46,
      "elementary_rank": 0,
      "order": 128,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        0,
        1,
        2,
        1,
        4,
        5,
        3,
        3,
        3,
        5,
        6,
        6,
        3,
        5,
        3
      ],
      "automorphism_order": 4096,
      "subgroup_count": 32,
      "quotient_count": 0,
      "P_contribution": 4194304,
      "E_contribution": 0
    },
    {
      "core_index": 46,
      "elementary_rank": 1,
      "order": 256,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        0,
        1,
        2,
        1,
        4,
        5,
        3,
        3,
        3,
        5,
        6,
        6,
        3,
        5,
        3
      ],
      "automorphism_order": 524288,
      "subgroup_count": 2,
      "quotient_count": 0,
      "P_contribution": 2097152,
      "E_contribution": 0
    },
    {
      "core_index": 47,
      "elementary_rank": 0,
      "order": 128,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        4,
        4,
        2,
        2,
        5,
        4,
        6,
        7,
        5,
        5,
        2,
        2
      ],
      "automorphism_order": 16384,
      "subgroup_count": 16,
      "quotient_count": 0,
      "P_contribution": 4194304,
      "E_contribution": 0
    },
    {
      "core_index": 47,
      "elementary_rank": 1,
      "order": 256,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        4,
        4,
        2,
        2,
        5,
        4,
        6,
        7,
        5,
        5,
        2,
        2
      ],
      "automorphism_order": 2097152,
      "subgroup_count": 1,
      "quotient_count": 0,
      "P_contribution": 2097152,
      "E_contribution": 0
    },
    {
      "core_index": 48,
      "elementary_rank": 0,
      "order": 128,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        0,
        1,
        2,
        3,
        4,
        1,
        5,
        5,
        5,
        2,
        1,
        5,
        2,
        1,
        5
      ],
      "automorphism_order": 4096,
      "subgroup_count": 32,
      "quotient_count": 0,
      "P_contribution": 4194304,
      "E_contribution": 0
    },
    {
      "core_index": 48,
      "elementary_rank": 1,
      "order": 256,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        0,
        1,
        2,
        3,
        4,
        1,
        5,
        5,
        5,
        2,
        1,
        5,
        2,
        1,
        5
      ],
      "automorphism_order": 524288,
      "subgroup_count": 2,
      "quotient_count": 0,
      "P_contribution": 2097152,
      "E_contribution": 0
    },
    {
      "core_index": 49,
      "elementary_rank": 0,
      "order": 128,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        2,
        4,
        4,
        4,
        5,
        5,
        4,
        6,
        6,
        5,
        5,
        4,
        5
      ],
      "automorphism_order": 16384,
      "subgroup_count": 16,
      "quotient_count": 0,
      "P_contribution": 4194304,
      "E_contribution": 0
    },
    {
      "core_index": 49,
      "elementary_rank": 1,
      "order": 256,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        2,
        4,
        4,
        4,
        5,
        5,
        4,
        6,
        6,
        5,
        5,
        4,
        5
      ],
      "automorphism_order": 2097152,
      "subgroup_count": 1,
      "quotient_count": 0,
      "P_contribution": 2097152,
      "E_contribution": 0
    },
    {
      "core_index": 50,
      "elementary_rank": 0,
      "order": 128,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        0,
        1,
        2,
        4,
        6,
        4,
        5,
        3,
        3,
        5,
        6,
        3,
        1,
        4,
        5
      ],
      "automorphism_order": 4096,
      "subgroup_count": 32,
      "quotient_count": 0,
      "P_contribution": 4194304,
      "E_contribution": 0
    },
    {
      "core_index": 50,
      "elementary_rank": 1,
      "order": 256,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        0,
        1,
        2,
        4,
        6,
        4,
        5,
        3,
        3,
        5,
        6,
        3,
        1,
        4,
        5
      ],
      "automorphism_order": 524288,
      "subgroup_count": 2,
      "quotient_count": 0,
      "P_contribution": 2097152,
      "E_contribution": 0
    },
    {
      "core_index": 51,
      "elementary_rank": 0,
      "order": 128,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        4,
        5,
        6,
        7,
        7,
        7,
        2,
        2,
        7,
        7,
        2,
        2
      ],
      "automorphism_order": 65536,
      "subgroup_count": 16,
      "quotient_count": 0,
      "P_contribution": 16777216,
      "E_contribution": 0
    },
    {
      "core_index": 51,
      "elementary_rank": 1,
      "order": 256,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        4,
        5,
        6,
        7,
        7,
        7,
        2,
        2,
        7,
        7,
        2,
        2
      ],
      "automorphism_order": 8388608,
      "subgroup_count": 1,
      "quotient_count": 0,
      "P_contribution": 8388608,
      "E_contribution": 0
    },
    {
      "core_index": 52,
      "elementary_rank": 0,
      "order": 128,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        0,
        1,
        2,
        2,
        3,
        3,
        1,
        4,
        3,
        1,
        5,
        4,
        2,
        1,
        4
      ],
      "automorphism_order": 4096,
      "subgroup_count": 96,
      "quotient_count": 0,
      "P_contribution": 37748736,
      "E_contribution": 0
    },
    {
      "core_index": 52,
      "elementary_rank": 1,
      "order": 256,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        0,
        1,
        2,
        2,
        3,
        3,
        1,
        4,
        3,
        1,
        5,
        4,
        2,
        1,
        4
      ],
      "automorphism_order": 524288,
      "subgroup_count": 6,
      "quotient_count": 0,
      "P_contribution": 18874368,
      "E_contribution": 0
    },
    {
      "core_index": 53,
      "elementary_rank": 0,
      "order": 128,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        2,
        2,
        3,
        4,
        4,
        7,
        7,
        2,
        3,
        7,
        7,
        6,
        7
      ],
      "automorphism_order": 8192,
      "subgroup_count": 16,
      "quotient_count": 0,
      "P_contribution": 2097152,
      "E_contribution": 0
    },
    {
      "core_index": 53,
      "elementary_rank": 1,
      "order": 256,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        2,
        2,
        3,
        4,
        4,
        7,
        7,
        2,
        3,
        7,
        7,
        6,
        7
      ],
      "automorphism_order": 1048576,
      "subgroup_count": 1,
      "quotient_count": 0,
      "P_contribution": 1048576,
      "E_contribution": 0
    },
    {
      "core_index": 54,
      "elementary_rank": 0,
      "order": 128,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        4,
        4,
        2,
        2,
        5,
        5,
        2,
        2,
        7,
        6,
        4,
        5
      ],
      "automorphism_order": 16384,
      "subgroup_count": 16,
      "quotient_count": 0,
      "P_contribution": 4194304,
      "E_contribution": 0
    },
    {
      "core_index": 54,
      "elementary_rank": 1,
      "order": 256,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        4,
        4,
        2,
        2,
        5,
        5,
        2,
        2,
        7,
        6,
        4,
        5
      ],
      "automorphism_order": 2097152,
      "subgroup_count": 1,
      "quotient_count": 0,
      "P_contribution": 2097152,
      "E_contribution": 0
    },
    {
      "core_index": 55,
      "elementary_rank": 0,
      "order": 128,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        2,
        4,
        4,
        4,
        5,
        5,
        5,
        2,
        3,
        3,
        2,
        6,
        6
      ],
      "automorphism_order": 8192,
      "subgroup_count": 16,
      "quotient_count": 0,
      "P_contribution": 2097152,
      "E_contribution": 0
    },
    {
      "core_index": 55,
      "elementary_rank": 1,
      "order": 256,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        2,
        4,
        4,
        4,
        5,
        5,
        5,
        2,
        3,
        3,
        2,
        6,
        6
      ],
      "automorphism_order": 1048576,
      "subgroup_count": 1,
      "quotient_count": 0,
      "P_contribution": 1048576,
      "E_contribution": 0
    },
    {
      "core_index": 56,
      "elementary_rank": 0,
      "order": 128,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        0,
        1,
        2,
        4,
        6,
        4,
        5,
        3,
        4,
        1,
        5,
        6,
        3,
        5,
        3
      ],
      "automorphism_order": 4096,
      "subgroup_count": 32,
      "quotient_count": 0,
      "P_contribution": 4194304,
      "E_contribution": 0
    },
    {
      "core_index": 56,
      "elementary_rank": 1,
      "order": 256,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        0,
        1,
        2,
        4,
        6,
        4,
        5,
        3,
        4,
        1,
        5,
        6,
        3,
        5,
        3
      ],
      "automorphism_order": 524288,
      "subgroup_count": 2,
      "quotient_count": 0,
      "P_contribution": 2097152,
      "E_contribution": 0
    },
    {
      "core_index": 57,
      "elementary_rank": 0,
      "order": 128,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        4,
        5,
        6,
        7,
        0,
        0,
        4,
        4,
        6,
        6,
        2,
        2
      ],
      "automorphism_order": 24576,
      "subgroup_count": 16,
      "quotient_count": 0,
      "P_contribution": 6291456,
      "E_contribution": 0
    },
    {
      "core_index": 57,
      "elementary_rank": 1,
      "order": 256,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        4,
        5,
        6,
        7,
        0,
        0,
        4,
        4,
        6,
        6,
        2,
        2
      ],
      "automorphism_order": 3145728,
      "subgroup_count": 1,
      "quotient_count": 0,
      "P_contribution": 3145728,
      "E_contribution": 0
    },
    {
      "core_index": 58,
      "elementary_rank": 0,
      "order": 128,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        2,
        3,
        4,
        5,
        0,
        0,
        6,
        6,
        4,
        4,
        6,
        6
      ],
      "automorphism_order": 8192,
      "subgroup_count": 32,
      "quotient_count": 0,
      "P_contribution": 8388608,
      "E_contribution": 0
    },
    {
      "core_index": 58,
      "elementary_rank": 1,
      "order": 256,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        2,
        3,
        4,
        5,
        0,
        0,
        6,
        6,
        4,
        4,
        6,
        6
      ],
      "automorphism_order": 1048576,
      "subgroup_count": 2,
      "quotient_count": 0,
      "P_contribution": 4194304,
      "E_contribution": 0
    },
    {
      "core_index": 59,
      "elementary_rank": 0,
      "order": 128,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        4,
        5,
        7,
        6,
        0,
        0,
        5,
        5,
        6,
        6,
        2,
        2
      ],
      "automorphism_order": 24576,
      "subgroup_count": 16,
      "quotient_count": 0,
      "P_contribution": 6291456,
      "E_contribution": 0
    },
    {
      "core_index": 59,
      "elementary_rank": 1,
      "order": 256,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        4,
        5,
        7,
        6,
        0,
        0,
        5,
        5,
        6,
        6,
        2,
        2
      ],
      "automorphism_order": 3145728,
      "subgroup_count": 1,
      "quotient_count": 0,
      "P_contribution": 3145728,
      "E_contribution": 0
    },
    {
      "core_index": 60,
      "elementary_rank": 0,
      "order": 128,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        4,
        5,
        7,
        6,
        0,
        0,
        7,
        7,
        4,
        4,
        2,
        2
      ],
      "automorphism_order": 16384,
      "subgroup_count": 16,
      "quotient_count": 0,
      "P_contribution": 4194304,
      "E_contribution": 0
    },
    {
      "core_index": 60,
      "elementary_rank": 1,
      "order": 256,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        4,
        5,
        7,
        6,
        0,
        0,
        7,
        7,
        4,
        4,
        2,
        2
      ],
      "automorphism_order": 2097152,
      "subgroup_count": 1,
      "quotient_count": 0,
      "P_contribution": 2097152,
      "E_contribution": 0
    },
    {
      "core_index": 61,
      "elementary_rank": 0,
      "order": 128,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        3,
        2,
        2,
        3,
        0,
        0,
        4,
        4,
        3,
        3,
        4,
        4
      ],
      "automorphism_order": 16384,
      "subgroup_count": 16,
      "quotient_count": 0,
      "P_contribution": 4194304,
      "E_contribution": 0
    },
    {
      "core_index": 61,
      "elementary_rank": 1,
      "order": 256,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        3,
        2,
        2,
        3,
        0,
        0,
        4,
        4,
        3,
        3,
        4,
        4
      ],
      "automorphism_order": 2097152,
      "subgroup_count": 1,
      "quotient_count": 0,
      "P_contribution": 2097152,
      "E_contribution": 0
    },
    {
      "core_index": 62,
      "elementary_rank": 0,
      "order": 128,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        4,
        5,
        3,
        2,
        0,
        0,
        5,
        5,
        4,
        4,
        4,
        4
      ],
      "automorphism_order": 16384,
      "subgroup_count": 16,
      "quotient_count": 0,
      "P_contribution": 4194304,
      "E_contribution": 0
    },
    {
      "core_index": 62,
      "elementary_rank": 1,
      "order": 256,
      "d_core": 4,
      "z_core": 3,
      "q_core": [
        0,
        1,
        2,
        3,
        4,
        5,
        3,
        2,
        0,
        0,
        5,
        5,
        4,
        4,
        4,
        4
      ],
      "automorphism_order": 2097152,
      "subgroup_count": 1,
      "quotient_count": 0,
      "P_contribution": 2097152,
      "E_contribution": 0
    }
  ],
  "endomorphism_output_maps": [
    {
      "images": [
        0,
        0,
        0
      ],
      "rank": 0,
      "T_count": 8128
    },
    {
      "images": [
        1,
        2,
        4
      ],
      "rank": 3,
      "T_count": 128
    }
  ],
  "endomorphism_output_rank_profile": {
    "0": 8128,
    "1": 0,
    "2": 0,
    "3": 128
  },
  "invertible_pairs": 64,
  "automorphism_order": 16777216,
  "method": "Independent complete quadratic-isometry backtracking; no orbit database or imported profiles."
}


		type_order		subgroups		quotients		P_contribution		E_contribution

		1		1		1		1		1

		2		47		63		2209		2961

		4		507		651		561398		1074150

		8		1363		1395		21820072		69136200

		16		2563		659		196562880		800573760

		32		2531		111		657056768		1259919360

		64		1635		63		749027328		0

		128		651		43		386138112		0

		256		63		15		136314880		16777216

		512		1		1		16777216		16777216
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\setlength{\tabcolsep}{5pt}
\renewcommand{\arraystretch}{1.06}
\begin{longtable}{rrrll}
\caption{The reduced cores $K_i$.}\label{tab:cores}\\
\toprule
$i$ & $d_i,z_i$ & $b_i$ & $\sigma$ & $\gamma$\\
\midrule
\endfirsthead
\multicolumn{5}{l}{\small\textit{Table \thetable\ continued: reduced cores.}}\\
\toprule
$i$ & $d_i,z_i$ & $b_i$ & $\sigma$ & $\gamma$\\
\midrule
\endhead
\midrule\multicolumn{5}{r}{\small\textit{Continued on the next page.}}\\
\endfoot
\bottomrule
\endlastfoot
$0$ & $0,0$ & $1$ & $\varnothing$ & $\varnothing$ \\
$1$ & $5,3$ & $65\,536$ & \texttt{(1,2,4,7,0)} & \texttt{(0,0,0,1,0,1,6,6,2,0)} \\
$2$ & $4,2$ & $1\,024$ & \texttt{(1,2,3,0)} & \texttt{(0,0,3,3,1,0)} \\
$3$ & $5,2$ & $4\,096$ & \texttt{(1,2,3,0,0)} & \texttt{(0,0,0,1,0,1,1,1,2,0)} \\
$4$ & $5,2$ & $4\,096$ & \texttt{(1,1,2,2,0)} & \texttt{(0,0,0,1,0,1,3,3,1,0)} \\
$5$ & $5,2$ & $4\,096$ & \texttt{(1,2,1,2,0)} & \texttt{(0,0,0,1,0,1,3,3,2,0)} \\
$6$ & $5,2$ & $8\,192$ & \texttt{(1,2,2,1,0)} & \texttt{(0,0,0,1,0,1,0,0,2,0)} \\
$7$ & $5,2$ & $4\,096$ & \texttt{(1,2,0,3,0)} & \texttt{(0,0,0,1,0,1,2,2,2,0)} \\
$8$ & $5,2$ & $16\,384$ & \texttt{(1,0,2,3,0)} & \texttt{(0,0,0,1,0,1,2,2,0,0)} \\
$9$ & $3,1$ & $48$ & \texttt{(1,1,0)} & \texttt{(0,0,1)} \\
$10$ & $4,1$ & $1\,920$ & \texttt{(1,1,1,0)} & \texttt{(0,0,1,1,0,0)} \\
$11$ & $5,1$ & $23\,040$ & \texttt{(1,1,0,0,0)} & \texttt{(0,0,0,1,0,1,1,1,1,0)} \\
$12$ & $4,1$ & $1\,152$ & \texttt{(1,0,0,0)} & \texttt{(0,0,1,1,1,0)} \\
$13$ & $1,1$ & $2$ & \texttt{(1)} & $\varnothing$ \\
$14$ & $2,2$ & $96$ & \texttt{(1,2)} & \texttt{(0)} \\
$15$ & $2,3$ & $384$ & \texttt{(1,2)} & \texttt{(7)} \\
$16$ & $2,2$ & $32$ & \texttt{(0,1)} & \texttt{(3)} \\
$17$ & $2,2$ & $32$ & \texttt{(1,2)} & \texttt{(1)} \\
$18$ & $2,1$ & $24$ & \texttt{(1,1)} & \texttt{(1)} \\
$19$ & $2,1$ & $8$ & \texttt{(1,0)} & \texttt{(1)} \\
$20$ & $3,3$ & $86\,016$ & \texttt{(1,2,4)} & \texttt{(0,0,0)} \\
$21$ & $3,3$ & $512$ & \texttt{(1,2,3)} & \texttt{(7,1,0)} \\
$22$ & $3,2$ & $192$ & \texttt{(0,1,2)} & \texttt{(3,1,0)} \\
$23$ & $3,3$ & $1\,024$ & \texttt{(1,2,4)} & \texttt{(1,4,0)} \\
$24$ & $3,3$ & $2\,048$ & \texttt{(1,2,2)} & \texttt{(0,0,4)} \\
$25$ & $3,3$ & $1\,024$ & \texttt{(1,2,2)} & \texttt{(1,2,4)} \\
$26$ & $3,2$ & $256$ & \texttt{(1,2,2)} & \texttt{(0,1,3)} \\
$27$ & $3,3$ & $512$ & \texttt{(0,1,1)} & \texttt{(3,5,5)} \\
$28$ & $3,3$ & $12\,288$ & \texttt{(1,2,4)} & \texttt{(1,0,4)} \\
$29$ & $3,3$ & $1\,024$ & \texttt{(0,1,4)} & \texttt{(3,1,4)} \\
$30$ & $3,3$ & $12\,288$ & \texttt{(1,2,4)} & \texttt{(0,0,1)} \\
$31$ & $3,3$ & $1\,024$ & \texttt{(1,2,4)} & \texttt{(7,2,3)} \\
$32$ & $3,3$ & $1\,536$ & \texttt{(0,1,4)} & \texttt{(3,6,1)} \\
$33$ & $3,3$ & $4\,096$ & \texttt{(1,2,1)} & \texttt{(7,3,4)} \\
$34$ & $3,3$ & $2\,048$ & \texttt{(1,2,3)} & \texttt{(0,6,5)} \\
$35$ & $3,3$ & $2\,048$ & \texttt{(0,1,4)} & \texttt{(3,0,7)} \\
$36$ & $3,2$ & $384$ & \texttt{(1,2,3)} & \texttt{(0,0,3)} \\
$37$ & $3,3$ & $4\,096$ & \texttt{(0,1,3)} & \texttt{(3,0,6)} \\
$38$ & $3,3$ & $3\,072$ & \texttt{(1,2,4)} & \texttt{(7,1,5)} \\
$39$ & $3,2$ & $128$ & \texttt{(0,1,2)} & \texttt{(3,0,2)} \\
$40$ & $3,3$ & $2\,048$ & \texttt{(1,2,0)} & \texttt{(0,1,6)} \\
$41$ & $3,3$ & $1\,024$ & \texttt{(0,1,4)} & \texttt{(3,0,2)} \\
$42$ & $3,2$ & $128$ & \texttt{(1,2,0)} & \texttt{(0,1,0)} \\
$43$ & $4,3$ & $16\,384$ & \texttt{(1,2,4,7)} & \texttt{(0,0,0,0,1,6)} \\
$44$ & $4,3$ & $8\,192$ & \texttt{(0,1,2,4)} & \texttt{(3,1,0,0,7,3)} \\
$45$ & $4,3$ & $16\,384$ & \texttt{(1,2,2,7)} & \texttt{(1,0,0,4,1,6)} \\
$46$ & $4,3$ & $4\,096$ & \texttt{(0,1,1,3)} & \texttt{(3,5,0,5,7,4)} \\
$47$ & $4,3$ & $16\,384$ & \texttt{(1,2,4,5)} & \texttt{(0,1,0,4,1,4)} \\
$48$ & $4,3$ & $4\,096$ & \texttt{(0,1,3,5)} & \texttt{(3,7,0,3,6,3)} \\
$49$ & $4,3$ & $16\,384$ & \texttt{(1,2,4,5)} & \texttt{(1,1,0,2,1,4)} \\
$50$ & $4,3$ & $4\,096$ & \texttt{(0,1,4,3)} & \texttt{(3,2,0,1,7,4)} \\
$51$ & $4,3$ & $65\,536$ & \texttt{(1,2,4,7)} & \texttt{(0,0,1,0,7,4)} \\
$52$ & $4,3$ & $4\,096$ & \texttt{(0,1,2,4)} & \texttt{(3,1,7,0,4,2)} \\
$53$ & $4,3$ & $8\,192$ & \texttt{(1,2,2,7)} & \texttt{(1,0,1,4,7,2)} \\
$54$ & $4,3$ & $16\,384$ & \texttt{(1,2,4,5)} & \texttt{(0,1,1,4,5,6)} \\
$55$ & $4,3$ & $8\,192$ & \texttt{(1,2,4,5)} & \texttt{(1,1,1,2,5,2)} \\
$56$ & $4,3$ & $4\,096$ & \texttt{(0,1,4,3)} & \texttt{(3,2,7,1,3,1)} \\
$57$ & $4,3$ & $24\,576$ & \texttt{(1,2,4,0)} & \texttt{(0,0,1,0,6,2)} \\
$58$ & $4,3$ & $8\,192$ & \texttt{(1,2,2,0)} & \texttt{(0,0,1,4,4,6)} \\
$59$ & $4,3$ & $24\,576$ & \texttt{(1,2,4,0)} & \texttt{(0,0,1,1,7,2)} \\
$60$ & $4,3$ & $16\,384$ & \texttt{(1,2,4,0)} & \texttt{(0,0,1,1,5,0)} \\
$61$ & $4,3$ & $16\,384$ & \texttt{(1,2,3,0)} & \texttt{(0,0,1,3,6,0)} \\
$62$ & $4,3$ & $16\,384$ & \texttt{(1,2,4,0)} & \texttt{(0,0,1,5,7,0)} \\
\end{longtable}}
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\begin{longtable}{rrrrrr}
\caption{Complete type-by-type subgroup and quotient certificate.}\label{tab:types}\\
\toprule
$i$ & $r$ & $|X|$ & $a_X$ & $s_X$ & $q_X$\\
\midrule
\endfirsthead
\multicolumn{6}{l}{\small\textit{Table \thetable\ continued: full type certificate.}}\\
\toprule
$i$ & $r$ & $|X|$ & $a_X$ & $s_X$ & $q_X$\\
\midrule
\endhead
\midrule\multicolumn{6}{r}{\small\textit{Continued on the next page.}}\\
\endfoot
\bottomrule
\endlastfoot
$0$ & $0$ & $1$ & $1$ & $1$ & $1$ \\
$0$ & $1$ & $2$ & $1$ & $47$ & $63$ \\
$0$ & $2$ & $4$ & $6$ & $275$ & $651$ \\
$0$ & $3$ & $8$ & $168$ & $295$ & $1\,395$ \\
$0$ & $4$ & $16$ & $20\,160$ & $61$ & $651$ \\
$0$ & $5$ & $32$ & $9\,999\,360$ & $2$ & $63$ \\
$0$ & $6$ & $64$ & $20\,158\,709\,760$ & $0$ & $1$ \\
$1$ & $0$ & $256$ & $65\,536$ & $32$ & $8$ \\
$1$ & $1$ & $512$ & $16\,777\,216$ & $1$ & $1$ \\
$2$ & $0$ & $64$ & $1\,024$ & $0$ & $16$ \\
$2$ & $1$ & $128$ & $65\,536$ & $0$ & $12$ \\
$2$ & $2$ & $256$ & $25\,165\,824$ & $0$ & $1$ \\
$3$ & $0$ & $128$ & $4\,096$ & $0$ & $4$ \\
$3$ & $1$ & $256$ & $524\,288$ & $0$ & $1$ \\
$4$ & $0$ & $128$ & $4\,096$ & $0$ & $4$ \\
$4$ & $1$ & $256$ & $524\,288$ & $0$ & $1$ \\
$5$ & $0$ & $128$ & $4\,096$ & $0$ & $4$ \\
$5$ & $1$ & $256$ & $524\,288$ & $0$ & $1$ \\
$6$ & $0$ & $128$ & $8\,192$ & $0$ & $4$ \\
$6$ & $1$ & $256$ & $1\,048\,576$ & $0$ & $1$ \\
$7$ & $0$ & $128$ & $4\,096$ & $0$ & $4$ \\
$7$ & $1$ & $256$ & $524\,288$ & $0$ & $1$ \\
$8$ & $0$ & $128$ & $16\,384$ & $0$ & $4$ \\
$8$ & $1$ & $256$ & $2\,097\,152$ & $0$ & $1$ \\
$9$ & $0$ & $16$ & $48$ & $0$ & $8$ \\
$9$ & $1$ & $32$ & $768$ & $0$ & $28$ \\
$9$ & $2$ & $64$ & $73\,728$ & $0$ & $14$ \\
$9$ & $3$ & $128$ & $33\,030\,144$ & $0$ & $1$ \\
$10$ & $0$ & $32$ & $1\,920$ & $0$ & $12$ \\
$10$ & $1$ & $64$ & $61\,440$ & $0$ & $18$ \\
$10$ & $2$ & $128$ & $11\,796\,480$ & $0$ & $3$ \\
$11$ & $0$ & $64$ & $23\,040$ & $0$ & $2$ \\
$11$ & $1$ & $128$ & $1\,474\,560$ & $0$ & $1$ \\
$12$ & $0$ & $32$ & $1\,152$ & $0$ & $8$ \\
$12$ & $1$ & $64$ & $36\,864$ & $0$ & $12$ \\
$12$ & $2$ & $128$ & $7\,077\,888$ & $0$ & $2$ \\
$13$ & $0$ & $4$ & $2$ & $232$ & $0$ \\
$13$ & $1$ & $8$ & $8$ & $940$ & $0$ \\
$13$ & $2$ & $16$ & $192$ & $630$ & $0$ \\
$13$ & $3$ & $32$ & $21\,504$ & $85$ & $0$ \\
$13$ & $4$ & $64$ & $10\,321\,920$ & $2$ & $0$ \\
$14$ & $0$ & $16$ & $96$ & $272$ & $0$ \\
$14$ & $1$ & $32$ & $1\,536$ & $204$ & $0$ \\
$14$ & $2$ & $64$ & $147\,456$ & $17$ & $0$ \\
$15$ & $0$ & $32$ & $384$ & $192$ & $0$ \\
$15$ & $1$ & $64$ & $12\,288$ & $48$ & $0$ \\
$16$ & $0$ & $16$ & $32$ & $416$ & $0$ \\
$16$ & $1$ & $32$ & $512$ & $312$ & $0$ \\
$16$ & $2$ & $64$ & $49\,152$ & $26$ & $0$ \\
$17$ & $0$ & $16$ & $32$ & $960$ & $0$ \\
$17$ & $1$ & $32$ & $512$ & $720$ & $0$ \\
$17$ & $2$ & $64$ & $49\,152$ & $60$ & $0$ \\
$18$ & $0$ & $8$ & $24$ & $64$ & $0$ \\
$18$ & $1$ & $16$ & $192$ & $112$ & $0$ \\
$18$ & $2$ & $32$ & $9\,216$ & $28$ & $0$ \\
$18$ & $3$ & $64$ & $2\,064\,384$ & $1$ & $0$ \\
$19$ & $0$ & $8$ & $8$ & $64$ & $0$ \\
$19$ & $1$ & $16$ & $64$ & $112$ & $0$ \\
$19$ & $2$ & $32$ & $3\,072$ & $28$ & $0$ \\
$19$ & $3$ & $64$ & $688\,128$ & $1$ & $0$ \\
$20$ & $0$ & $64$ & $86\,016$ & $8$ & $0$ \\
$20$ & $1$ & $128$ & $5\,505\,024$ & $1$ & $0$ \\
$21$ & $0$ & $64$ & $512$ & $96$ & $0$ \\
$21$ & $1$ & $128$ & $32\,768$ & $12$ & $0$ \\
$22$ & $0$ & $32$ & $192$ & $384$ & $0$ \\
$22$ & $1$ & $64$ & $6\,144$ & $144$ & $0$ \\
$22$ & $2$ & $128$ & $1\,179\,648$ & $6$ & $0$ \\
$23$ & $0$ & $64$ & $1\,024$ & $256$ & $0$ \\
$23$ & $1$ & $128$ & $65\,536$ & $32$ & $0$ \\
$24$ & $0$ & $64$ & $2\,048$ & $48$ & $0$ \\
$24$ & $1$ & $128$ & $131\,072$ & $6$ & $0$ \\
$25$ & $0$ & $64$ & $1\,024$ & $112$ & $0$ \\
$25$ & $1$ & $128$ & $65\,536$ & $14$ & $0$ \\
$26$ & $0$ & $32$ & $256$ & $320$ & $0$ \\
$26$ & $1$ & $64$ & $8\,192$ & $120$ & $0$ \\
$26$ & $2$ & $128$ & $1\,572\,864$ & $5$ & $0$ \\
$27$ & $0$ & $64$ & $512$ & $112$ & $0$ \\
$27$ & $1$ & $128$ & $32\,768$ & $14$ & $0$ \\
$28$ & $0$ & $64$ & $12\,288$ & $32$ & $0$ \\
$28$ & $1$ & $128$ & $786\,432$ & $4$ & $0$ \\
$29$ & $0$ & $64$ & $1\,024$ & $80$ & $0$ \\
$29$ & $1$ & $128$ & $65\,536$ & $10$ & $0$ \\
$30$ & $0$ & $64$ & $12\,288$ & $16$ & $0$ \\
$30$ & $1$ & $128$ & $786\,432$ & $2$ & $0$ \\
$31$ & $0$ & $64$ & $1\,024$ & $64$ & $0$ \\
$31$ & $1$ & $128$ & $65\,536$ & $8$ & $0$ \\
$32$ & $0$ & $64$ & $1\,536$ & $112$ & $0$ \\
$32$ & $1$ & $128$ & $98\,304$ & $14$ & $0$ \\
$33$ & $0$ & $64$ & $4\,096$ & $24$ & $0$ \\
$33$ & $1$ & $128$ & $262\,144$ & $3$ & $0$ \\
$34$ & $0$ & $64$ & $2\,048$ & $16$ & $0$ \\
$34$ & $1$ & $128$ & $131\,072$ & $2$ & $0$ \\
$35$ & $0$ & $64$ & $2\,048$ & $32$ & $0$ \\
$35$ & $1$ & $128$ & $131\,072$ & $4$ & $0$ \\
$36$ & $0$ & $32$ & $384$ & $64$ & $0$ \\
$36$ & $1$ & $64$ & $12\,288$ & $24$ & $0$ \\
$36$ & $2$ & $128$ & $2\,359\,296$ & $1$ & $0$ \\
$37$ & $0$ & $64$ & $4\,096$ & $16$ & $0$ \\
$37$ & $1$ & $128$ & $262\,144$ & $2$ & $0$ \\
$38$ & $0$ & $64$ & $3\,072$ & $16$ & $0$ \\
$38$ & $1$ & $128$ & $196\,608$ & $2$ & $0$ \\
$39$ & $0$ & $32$ & $128$ & $128$ & $0$ \\
$39$ & $1$ & $64$ & $4\,096$ & $48$ & $0$ \\
$39$ & $2$ & $128$ & $786\,432$ & $2$ & $0$ \\
$40$ & $0$ & $64$ & $2\,048$ & $48$ & $0$ \\
$40$ & $1$ & $128$ & $131\,072$ & $6$ & $0$ \\
$41$ & $0$ & $64$ & $1\,024$ & $32$ & $0$ \\
$41$ & $1$ & $128$ & $65\,536$ & $4$ & $0$ \\
$42$ & $0$ & $32$ & $128$ & $64$ & $0$ \\
$42$ & $1$ & $64$ & $4\,096$ & $24$ & $0$ \\
$42$ & $2$ & $128$ & $786\,432$ & $1$ & $0$ \\
$43$ & $0$ & $128$ & $16\,384$ & $16$ & $0$ \\
$43$ & $1$ & $256$ & $2\,097\,152$ & $1$ & $0$ \\
$44$ & $0$ & $128$ & $8\,192$ & $32$ & $0$ \\
$44$ & $1$ & $256$ & $1\,048\,576$ & $2$ & $0$ \\
$45$ & $0$ & $128$ & $16\,384$ & $16$ & $0$ \\
$45$ & $1$ & $256$ & $2\,097\,152$ & $1$ & $0$ \\
$46$ & $0$ & $128$ & $4\,096$ & $32$ & $0$ \\
$46$ & $1$ & $256$ & $524\,288$ & $2$ & $0$ \\
$47$ & $0$ & $128$ & $16\,384$ & $16$ & $0$ \\
$47$ & $1$ & $256$ & $2\,097\,152$ & $1$ & $0$ \\
$48$ & $0$ & $128$ & $4\,096$ & $32$ & $0$ \\
$48$ & $1$ & $256$ & $524\,288$ & $2$ & $0$ \\
$49$ & $0$ & $128$ & $16\,384$ & $16$ & $0$ \\
$49$ & $1$ & $256$ & $2\,097\,152$ & $1$ & $0$ \\
$50$ & $0$ & $128$ & $4\,096$ & $32$ & $0$ \\
$50$ & $1$ & $256$ & $524\,288$ & $2$ & $0$ \\
$51$ & $0$ & $128$ & $65\,536$ & $16$ & $0$ \\
$51$ & $1$ & $256$ & $8\,388\,608$ & $1$ & $0$ \\
$52$ & $0$ & $128$ & $4\,096$ & $96$ & $0$ \\
$52$ & $1$ & $256$ & $524\,288$ & $6$ & $0$ \\
$53$ & $0$ & $128$ & $8\,192$ & $16$ & $0$ \\
$53$ & $1$ & $256$ & $1\,048\,576$ & $1$ & $0$ \\
$54$ & $0$ & $128$ & $16\,384$ & $16$ & $0$ \\
$54$ & $1$ & $256$ & $2\,097\,152$ & $1$ & $0$ \\
$55$ & $0$ & $128$ & $8\,192$ & $16$ & $0$ \\
$55$ & $1$ & $256$ & $1\,048\,576$ & $1$ & $0$ \\
$56$ & $0$ & $128$ & $4\,096$ & $32$ & $0$ \\
$56$ & $1$ & $256$ & $524\,288$ & $2$ & $0$ \\
$57$ & $0$ & $128$ & $24\,576$ & $16$ & $0$ \\
$57$ & $1$ & $256$ & $3\,145\,728$ & $1$ & $0$ \\
$58$ & $0$ & $128$ & $8\,192$ & $32$ & $0$ \\
$58$ & $1$ & $256$ & $1\,048\,576$ & $2$ & $0$ \\
$59$ & $0$ & $128$ & $24\,576$ & $16$ & $0$ \\
$59$ & $1$ & $256$ & $3\,145\,728$ & $1$ & $0$ \\
$60$ & $0$ & $128$ & $16\,384$ & $16$ & $0$ \\
$60$ & $1$ & $256$ & $2\,097\,152$ & $1$ & $0$ \\
$61$ & $0$ & $128$ & $16\,384$ & $16$ & $0$ \\
$61$ & $1$ & $256$ & $2\,097\,152$ & $1$ & $0$ \\
$62$ & $0$ & $128$ & $16\,384$ & $16$ & $0$ \\
$62$ & $1$ & $256$ & $2\,097\,152$ & $1$ & $0$ \\
\end{longtable}}



\begin{table}[htbp]
\centering
\small
\setlength{\tabcolsep}{5.5pt}
\caption{Exact counts grouped by the order of the isomorphism type.}
\label{tab:totals}
\begin{tabular}{rrrrr}
\toprule
$|X|$ & $\sum s_X$ & $\sum q_X$ & $\sum a_Xs_X^2$ & $\sum a_Xs_Xq_X$\\
\midrule
$1$ & $1$ & $1$ & $1$ & $1$ \\
$2$ & $47$ & $63$ & $2\,209$ & $2\,961$ \\
$4$ & $507$ & $651$ & $561\,398$ & $1\,074\,150$ \\
$8$ & $1\,363$ & $1\,395$ & $21\,820\,072$ & $69\,136\,200$ \\
$16$ & $2\,563$ & $659$ & $196\,562\,880$ & $800\,573\,760$ \\
$32$ & $2\,531$ & $111$ & $657\,056\,768$ & $1\,259\,919\,360$ \\
$64$ & $1\,635$ & $63$ & $749\,027\,328$ & $0$ \\
$128$ & $651$ & $43$ & $386\,138\,112$ & $0$ \\
$256$ & $63$ & $15$ & $136\,314\,880$ & $16\,777\,216$ \\
$512$ & $1$ & $1$ & $16\,777\,216$ & $16\,777\,216$ \\
\midrule
\textbf{Total} & $9\,362$ & $3\,002$ & $2\,164\,260\,864$ & $2\,164\,260\,864$ \\
\bottomrule
\end{tabular}
\end{table}



Group order: 512
Quadratic zero vectors: [0, 16, 17, 32, 48, 49]
Computing subgroup and quotient types by independent isometry search...
Reduced cores: 63 seconds: 0.503
P = 2164260864  E = 2164260864  D = 0
Counts grouped by isomorphism-type order: order; subgroups; quotients; P part; E part
1 1 1 1 1
2 47 63 2209 2961
4 507 651 561398 1074150
8 1363 1395 21820072 69136200
16 2563 659 196562880 800573760
32 2531 111 657056768 1259919360
64 1635 63 749027328 0
128 651 43 386138112 0
256 63 15 136314880 16777216
512 1 1 16777216 16777216
Independent full endomorphism count by all linear pairs...
Compatible pairs: 8256  lifts per pair: 262144  E_direct: 2164260864
Compatible invertible pairs: 64  Aut(G): 16777216
Nonzero output-map counts: [{'images': [0, 0, 0], 'rank': 0, 'T_count': 8128}, {'images': [1, 2, 4], 'rank': 3, 'T_count': 128}]
ALL CHECKS PASSED in 0.533 seconds.
Certificate: /mnt/data/kourovka_inclusion_review/19.20/counterexample_certificate.json



Identity, inverses, and all 512^3 associativity tests passed.
order subgroups normal_subgroups
1 1 1
2 47 15
4 507 43
8 1363 63
16 2563 111
32 2531 659
64 1635 1395
128 651 651
256 63 63
512 1 1
Total subgroups: 9362; normal: 3002; center order: 16
ALL CAYLEY-TABLE CHECKS PASSED; seconds: 0.125266



{
  "result": "ALL CHECKS PASSED",
  "printed_type_records": 151,
  "printed_core_records": 63,
  "bilinear_pairs_compared": 4096,
  "weighted_P": 2164260864,
  "weighted_E": 2164260864,
  "regenerated_certificate_byte_identical_to_previous": true
}



{
  "result": "ALL CHECKS PASSED",
  "printed_type_records": 151,
  "printed_core_records": 63,
  "bilinear_pairs_compared": 4096,
  "weighted_P": 2164260864,
  "weighted_E": 2164260864,
  "regenerated_certificate_byte_identical_to_previous": true
}



Kourovka 19.20 — source and verification material

The PDF contains the revised manuscript; the source used to compile it is Kourovka_19.20_solution.tex.

VERIFICATION SCOPE
The Python verifier regenerated all subgroup/quotient quadratic-map types and their automorphism weights: 63 reduced cores and 151 combined records. Both weighted counts equal 2,164,260,864. The additional checker compares all printed records with the fresh JSON and compares the printed bilinear law on all 4,096 pairs of quotient vectors. The new JSON is byte-identical to the earlier certificate (the expected historical digest is explicitly identified as an integrity check, not a mathematical premise).
The C++ verifier independently constructs the 512-element multiplication table, checks all 512^3 associativity identities, and enumerates 9,362 subgroups and 3,002 normal subgroups. It does not independently repeat the weighted isomorphism classification.

REPRODUCTION
Run from this directory with Python 3 (without -O or PYTHONOPTIMIZE).
The Python checkers use the standard library. The C++ checker requires a C++17 compiler.

python verify_counterexample.py
g++ -O2 -std=c++17 verify_cayley.cpp -o verify_cayley
./verify_cayley
python verify_printed_certificate.py

All listed commands completed with exit status 0 in this review. Fresh output logs and machine-readable results are included. Rerunning may change timing lines or local paths, without changing the mathematical outputs.

LaTeX: run pdflatex -no-shell-escape -interaction=nonstopmode -halt-on-error Kourovka_19.20_solution.tex at least twice. The 19.20 source requires the three included table .tex files. Embedded PDF attachments are added after compilation; they do not alter the rendered mathematical pages.

The SHA256SUMS manifest identifies the exact attached files. A checksum is not a proof of a mathematical claim.



{
  "problem": "19.20",
  "commands": [
    {
      "problem": "19.20",
      "command": [
        "python",
        "verify_counterexample.py"
      ],
      "exit_code": 0,
      "seconds": 1.372,
      "log": "/mnt/data/kourovka_inclusion_review/19.20/python_verification.log"
    },
    {
      "problem": "19.20",
      "command": [
        "python",
        "verify_printed_certificate.py"
      ],
      "exit_code": 0,
      "seconds": 0.82,
      "log": "/mnt/data/kourovka_inclusion_review/19.20/printed_certificate_verification.log"
    },
    {
      "problem": "19.20",
      "command": [
        "g++",
        "-O2",
        "-std=c++17",
        "verify_cayley.cpp",
        "-o",
        "verify_cayley"
      ],
      "exit_code": 0,
      "seconds": 0.921,
      "log": "/mnt/data/kourovka_inclusion_review/19.20/compile_verifier.log"
    },
    {
      "problem": "19.20",
      "command": [
        "./verify_cayley"
      ],
      "exit_code": 0,
      "seconds": 0.165,
      "log": "/mnt/data/kourovka_inclusion_review/19.20/cayley_verification.log"
    }
  ],
  "build": {
    "problem": "19.20",
    "pages": 14,
    "warnings": [],
    "ChatGPT_count": 1,
    "acknowledgement_count": 1,
    "unresolved_references": false
  },
  "rendered_pages_visually_inspected": [
    1,
    2,
    3,
    4,
    5,
    6,
    7,
    8,
    9,
    10,
    11,
    12,
    13,
    14
  ],
  "input_pdf_sha256": "4a912426a379f41d8b0a8abd86f56cf2a1570efcffeeaa1f4643d5d93854cc90",
  "acknowledgement": "This work was carried out with assistance from ChatGPT."
}
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