AN EXPLICIT COUNTEREXAMPLE TO
KOUROVKA NOTEBOOK PROBLEM 20.30

ABSTRACT. This imported construction claims a perfect centreless finite group G with |G| =
120 - 5°® and maximum conjugacy-class size n = 30 - 5°2, so that |G|/n®> = 250/3 > 1. The
source argument is reproduced in full below, with changes confined to notation and typesetting.
This is an import draft; repository mathematical verification, citation and novelty checks, and
independent GAP corroboration remain pending.

PROBLEM STATEMENT

Problem 20.30 (P. M. Neumann and M. R. Vaughan-Lee) asks:
Let G be a perfect and centreless finite group, and let n be the maximum size
of a conjugate class in G. Is it true that |G| < n??

The Notebook entry is signed I. B. Gorshkov. The statement is transcribed from the repository’s
copy of the Kourovka Notebook, arXiv:1401.0300v45.
All vector spaces and scalar coefficients below are over F5. The integer cardinalities and
inequalities use ordinary integers. The construction has
|G| 250

:12'68 G: _ L r32 N il Bt 1.
|G| 0-5°, max{|z"|: z € G} = 30577, (max [0 )2 5 >

1. THE FINITE GROUP, SPECIFIED WITHOUT A DATABASE IDENTIFIER

Let E have basis ag,...,a7. Let U = IF%, with its standard alternating form

w((p1,p2), (01,02)) = pr1o2 — p201.

Let W = Sme(E), with basis a;a; for 0 < i < j < 8 (no normalization factors in this
symmetric-product basis). Let V = U ® E and let Z be a separate copy of U ® E. Thus
dimV = 16, dim W = 36 and dim Z = 16.

Define a symmetric trilinear map T : E2 — E by its values on basis triples:

ag, if exactly two indices agree and £ is the other index,

T(ai, aj, ak) = {

On L=V & W & Z define a bilinear, alternating bracket by
E@an®b=wEmnad W, [E©abd=¢T(abc) inZ

All brackets involving Z and all brackets within W are zero; reversed brackets have the opposite
sign. This specifies the bracket completely.

It is a Lie bracket. Only Jacobi identities on three vectors in V' can be nonzero. For £ ®
a,n® b, ® c, their Jacobi sum is, up to the common choice of nesting sign,

(W(& )¢+ w(n, )& +w(C,€)n) @ T(a,b, ) = 0.

The vector identity in parentheses holds in a two-dimensional alternating space, and T is sym-
metric. Furthermore [L, L] is contained in W + Z and [L,[L, L]] is contained in the central
subspace Z. The nilpotency class is at most 3.

Make the set L into a group N with the following explicit multiplication:

0, if all three agree or all three are distinct.

L (e ol] + s [, 21).

1
w*y=w+y+*hw%+u
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Here 1/2 =1/12 = 3 in F5. This is the class-three BCH multiplication. Its validity can also be
checked directly without invoking a correspondence: expand (x * y) * z and z * (y * z), discard
brackets of length at least four, and subtract. The difference is

1
_6([$7 [ya ZH + [yv [vaﬂ + [Zv [ZL‘, y]]) = 0.
Thus it is associative. Its identity is 0, its inverse map is x — —x, and z raised to an integer
r is ro. In particular |[N| = 5% and N has exponent 5. The denominators 2, 6 and 12 are all
invertible in [Fs.
Let H = SLy(F5). It acts naturally on the U factor of V and Z and fixes W pointwise. These
transformations preserve the bracket: the V, V bracket uses the determinant form, and the V, W

bracket is linear in U. Consequently they preserve the displayed group multiplication. Define
G=NxH,  (x,h)(y,})=(zx*h(y),hh).

This is a complete description of every group element and its product.
There are 120 determinant-one 2-by-2 matrices over Fs, so |G| = 120 - 5%.

2. PERFECTNESS

First H is perfect. For an entirely elementary check, put

1t 10 .
w)=(p 1), w®=(; 7). d-dag2s).
Conjugation by d multiplies the parameter of both u (¢) and u_(¢) by 4 in F5. Thus
duy (t)duy ()71 = uy (3t),

and the corresponding formula gives u_(3t). Hence all upper and lower elementary matrices
belong to H'. They generate SLy(FF5), as row reduction shows, so H' = H. The certificate
additionally enumerates H and computes |H'| = 120.

Let s = —I in H. For a pure vector z in V or Z, s(x) = —z. With the commutator convention
[, Blgroup = @187 aB, in G we have

[(1‘, 1)7 (0, S)]group = (—21‘, 1)'
Since —2 is invertible in Fj5, every pure V element and every Z element belongs to G’. For the
standard basis e, f of U,
le® a;, f ® ajlLie = aia;.
In N/Z the group commutator equals this Lie bracket, since the quotient has class at most two.
Therefore the corresponding group commutators give all W basis vectors modulo Z. As Z is
already in G’, every pure W basis vector is in G, and W is additive under the group law. The

pure V, W and Z elements generate N. It follows that N and H are contained in G’, proving
G' =G.

3. THE CENTRE IS TRIVIAL
For class-three BCH multiplication one has, as vectors,
kY —Y*x = [T,Y|Lie.

Thus the centre of N is exactly the centre of L. Write x = v+ w + z in L. If x is central, its
brackets with V', taken modulo Z, force v = 0: bracketing with e ® a; or f ® a; reads off the
coefficients of v on the linearly independent vectors a;a; for any fixed j.

Write
w = Zdia? + Zsijaiaj, Dy = Zdi‘
[ 1<) 7
The map a — T'(a,w) has matrix with off-diagonal entries s;; and diagonal entry Dy — d; in
position 7. If this map is zero, all s;; = 0 and d; = Dy for all i. Summing gives Dy = 8D,
hence 7Dy = 0. Since 7 = 2 is nonzero in F5, all d; vanish. Therefore Z(N) = Z.
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Put A = W + Z. The quotient N/A is the additive space V. If (z,h) is central in G, its
action on N/A must be trivial. Inner automorphisms from N act trivially there, while H acts
faithfully on V', so h = I. Then x belongs to Z(N) = Z. Finally s = —I acts as —1 on Z, so it
fixes only 0. Consequently Z(G) = 1.

4. CENTRALIZER BOUND SUFFICIENT BY ITSELF TO FALSIFY THE QUESTION

A =W + Z is an abelian normal subgroup of G of order 5°2, and Z is normal of order 5'6.
The whole group G acts trivially on A/Z: H fixes W, and all brackets [L, A] lie in Z. For any

¢ in G the map

A— Z, a— a g lag

is a homomorphism, because A is abelian and normalized by g. Its kernel is C4(g). Thus
ICalg)l = 1Calg)] = |Al/|2] = 5%
for every g. If n denotes the actual largest conjugacy class, then

G| 5% 125

< |G|/5%% = 120 - 532 SR il It
n<|Gl/ © o (120-5%)2 120 24

> 1.
Already this proves |G| > n?. No estimate about an unexamined family or an incomplete
enumeration of conjugacy classes is needed.

5. EXACT LARGEST CONJUGACY CLASS

We now show ming |C(g)| = 4 - 5%, strengthening the preceding bound. Write g = (z, h).

If h—1 is invertible on U, it is invertible on V and Z. Conjugation by a vector v in V' changes
the V' component of x to v+ (I —h)v. Choose v to make this zero. The N component now lies
in A. Conjugating by a suitable element of Z then kills its Z component. Thus g is conjugate
to (w, h) for some w in W.

An element of N centralizing (w, h) has zero image in V', so lies in A. Within A the W factor w
has trivial conjugation action, and the fixed space of h is exactly W. Therefore Cn((w, h)) = W.
Every element of C(h) centralizes w, since H fixes W pointwise. Projection to H therefore
gives

|Ca((w, b)) =5|Cn(h)].

Every centralizer in SLo(F5) has order at least 4. One quick proof: if an element has order
at least 4, use its cyclic subgroup; the identity has centralizer H; the only involution is —I
and is central; an element of order 3 commutes with —I and generates with it a subgroup of
order 6. The assertion about involutions follows from the distinct roots of X? — 1 and the
determinant-one condition.

If h — I is singular and h is not I, its characteristic polynomial is (X — 1)2. Thus h = I + J,
J? =0, J nonzero, and h has order 5. The image of Cg(g) in H contains (h), while its kernel
contains C'4(g). Hence |Cq(g)| > 5 - 53¢,

It remains to consider h = I, so g lies in N. If g lies in A, its centralizer contains all of A, of
order 5°2. Otherwise the image of Cy(g) in N/A contains the nonzero element gA, which has
order 5, and its kernel is C4(g), of order at least 536. Again its centralizer has order at least
553,

Finally take hy = diag(2,3). It has distinct eigenvalues different from 1, and its centralizer
in SLy(F5) consists of the four matrices diag(t,t!), t € Fi. The element (0, hg) consequently

has centralizer of order 4 - 536. This proves the asserted minimum and
120 - 598 39

The exact failed inequality is
6l 1205 20
n?  900-564 3 '
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6. REPLAY AND SCOPE OF THE COMPUTATION

The source gives the following command, run from its original workspace root (historical
command, preserved here as a record):
python tools/krun.py -name replay-2030 -timeout 180 -
python witness_2030.py
The construction and proof above do not depend on software. The script uses only the Python
3 standard library. Sparse vector entries and Gaussian elimination are reduced modulo 5;
cardinalities use arbitrary-precision Python integers. The run was checked using Python 3.12.14.
The script first checks the BCH associator as a polynomial in the free anticommutative algebra
truncated at degree three, obtaining exactly —Jacobi over F5. It also checks the formal identity
x*y—y*x = |z,y] and the inverse formula. The script then reconstructs all 68 basis vectors,
checks all 314432 basis Jacobi identities and all 4624 antisymmetry identities, computes the lower
central dimensions 68, 52,16, 0 and centre dimension 16, checks the rank-36 map W — End(F),
enumerates all 120 matrices in H and their derived subgroup, and checks preservation of all
basis brackets by generators of H. It checks that A is abelian, [L, A] is contained in Z, H fixes
W, and H has no nonzero fixed vector on Z. It also checks the complement centralizer and
fixed space for the attaining element. The finite output is data/witness_certificate. json.
No enumeration of the 120 - 558 group elements is asserted. The all-element centralizer
arguments in Sections 4 and 5 are mathematical certificates. The final arithmetic checks in the
script implement their consequences.

PROVENANCE AND VERIFICATION STATUS

Sections 1-6 reproduce construction_2030.txt from the imported run
counterexample-only-astra-all-20260906-01-20.30-31a75117fb-e0-r0.

Its task record names model gpt-6-astra; its solver record reports COMPLETE_COUNTEREXAMPLE
and its validator record reports PASS. Those are historical records, not repository verifier ver-
dicts. The source supplies its own arguments for the elementary group and Lie algebra facts
and lists no external theorem citation. No new theorem, citation, or claim of novelty has been
added in this transcription. Scoped symbols were renamed only to avoid collisions; the complete
map is in verification/import-packaging.md under the problem folder.

This draft is stored under attempts/, not solution/. The original proof, script, task
and result records, and certificates are preserved byte for byte under experiments/imported-
counterexample/; their SHA-256 manifest records the source and copy hashes. Local packag-
ing and replay records belong to that import package. Independent repository mathematical
verification, citation and novelty review, and GAP corroboration remain pending. A Python
replay is not independent GAP corroboration and does not establish novelty.
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