
An explicit counterexample to
Kourovka Notebook Problem 20.75

KYRYLO MULIARCHYK

Abstract. We give a negative answer to Problem 20.75 of the Kourovka Notebook, proposed by
L. Pyber. For the explicit integer N = 2124210350, we construct a finite 2-group G of order 2110N+1

such that every abelian normal subgroup of G can be generated by at most 32N + 1 elements,
while G has an elementary abelian subgroup requiring 65N generators. The field, coefficients, and
group multiplication are specified by finite deterministic formulas. The proof is self-contained and
does not require enumeration of the group or its subgroups.

1. The question and the answer

Question. The following problem appears in the Kourovka Notebook [KN, p. 157].
20.75. Let G be a finite p-group and assume that all abelian normal subgroups of
G can be generated by k elements. Is it true that every abelian subgroup of G can
be generated by 2k elements?

The k-th direct power of D16 shows that this bound would be best possible.
L. Pyber

For a finite group A, let d(A) denote the least size of a generating set. The same question
appears in [HPPS, Question 3.9], using the notation

r(G) = max
B≤G

B abelian

d(B), nr(G) = max
A⊴G

A abelian

d(A).

Thus the proposed inequality is r(G) ≤ 2 nr(G). We construct a counterexample for p = 2.

Theorem 1.1. Let N = 2124210350. There is an explicitly specified finite 2-group G of order
2110N+1 with the following properties:

d(A) ≤ 32N + 1 for every abelian normal subgroup A ⊴ G,(1.1)
d(E) = 65N for an elementary abelian subgroup E ≤ G.(1.2)

In particular, r(G) > 2 nr(G), and Problem 20.75 has a negative answer.

The construction has an index-two subgroup T with a central subgroup W whose underlying
additive group is K20. The outer involution interchanges the two copies of K45 in T/W . For a
normal elementary abelian subgroup H, the image of H ∩ T is invariant under this interchange;
its fixed subspace has at least half its dimension. Squares of lifts of fixed vectors are controlled by
ten quadratic forms. Excluding a common seven-dimensional zero subspace bounds the rank of
every abelian normal subgroup.

All fields below have characteristic two. We write dimF2 V for the dimension of an F2-vector
space V . When a different ground field is intended, it is displayed explicitly.

2. An explicit field and its coefficients

Set
M = 10350, L = 10336, D = 212000, B = D + 1,(2.1)

s = 12001M = 124210350, N = 2s.(2.2)
Starting with K0 = F2 and a0 = 1, define recursively, for 0 ≤ i < s,
(2.3) Ki+1 = Ki[ti]/(t2

i + ti + ai), ai+1 = aiti.
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Here ti also denotes its residue class in the quotient. Put K = Ks and α = as.

Lemma 2.1. Every quotient in (2.3) is a field. Moreover,
[K : F2] = N, |K| = 2N , [F2(α) : F2] = N.

Proof. We prove inductively that Ki is a field and TrKi/F2(ai) = 1. This is true for i = 0. In a
finite field of characteristic two, the F2-linear map z 7→ z2 + z has kernel {0, 1}, and its image lies
in the kernel of the absolute trace. At the inductive step the trace is nonzero because it takes the
value 1 on ai. Both subspaces therefore have index two, so the image is exactly the trace-zero
subspace. Consequently t2 + t + ai has no root in Ki and is irreducible.

The two roots of this polynomial differ by 1. Hence
TrKi+1/Ki

(aiti) = ai
(
ti + (ti + 1)

)
= ai.

Trace transitivity proves the induction. Each extension in the tower has degree two, so [K : F2] =
2s = N and TrK/F2(α) = 1.

If α belonged to a proper subfield F ⊂ K, then [K : F ] would be an even integer, since [K : F2]
is a power of two. As α ∈ F , we would have TrK/F (α) = [K : F ]α = 0, and thus TrK/F2(α) = 0, a
contradiction. Therefore α has degree N over F2. □

For 0 ≤ j < M , define

(2.4) cj = αBj
.

Lemma 2.2. For every nonzero polynomial P ∈ F2[Z0, . . . , ZM−1] of total degree at most D,
(2.5) P (c0, . . . , cM−1) ̸= 0.

Proof. Make the substitution Zj = T Bj . A monomial
∏

j Z
ej

j becomes T
∑

j
ejBj

. Since 0 ≤ ej ≤
D = B − 1, distinct monomials give distinct exponents by uniqueness of base-B expansions. Thus
the resulting polynomial P̃ (T ) is nonzero. Its degree is at most

D
M−1∑
j=0

Bj = BM − 1 < N,

because B < 212001 and N = 212001M . By Lemma 2.1, a nonzero polynomial over F2 of degree
less than N cannot vanish at α. Since P̃ (α) = P (c0, . . . , cM−1), the result follows. □

3. Quadratic forms with no common seven-dimensional zero subspace

Order the triples (i, j, k) with 1 ≤ i ≤ 10 and 1 ≤ j ≤ k ≤ 45 lexicographically, assigning
indices 0, . . . , M − 1. There are indeed 10

(46
2
)

= 10350 = M triples. If the index of (i, j, k) is ℓ,
put Ci,j,k = cℓ. For x, y ∈ K45, define

Qi(x) =
∑

1≤j≤k≤45
Ci,j,kxjxk,(3.1)

Fi(x, y) =
∑

1≤j≤k≤45
Ci,j,kxjyk.(3.2)

Then F = (F1, . . . , F10) is a K-bilinear map K45 × K45 → K10, and
(3.3) F (x, x) = (Q1(x), . . . , Q10(x)).
A common zero subspace means a K-linear subspace on which every Qi vanishes. Vanishing of the
polar forms alone is not sufficient.

Lemma 3.1. Every common zero subspace of Q1, . . . , Q10 has K-dimension at most six.

Proof. Fix a set I = {i1 < · · · < i7} of coordinate positions. Every seven-dimensional subspace
whose projection onto these coordinates is an isomorphism has a basis matrix with the identity
matrix in columns I and a 7 × 38 matrix R in the other columns. Equivalently, its vectors are
obtained by substituting

xir = zr (1 ≤ r ≤ 7), xj =
7∑

r=1
Rr,jzr (j /∈ I).
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The parameters in R number 7 · 38 = 266.
The restriction of one quadratic form has

(8
2
)

= 28 coefficients. Its being identically zero is
equivalent to the vanishing of these coefficients: evaluate at the coordinate vectors to recover
the diagonal coefficients, and at sums of two distinct coordinate vectors to recover the remaining
coefficients. This observation is valid in characteristic two.

The original coefficient Ci,ir,it , for r ≤ t, contributes exactly Ci,ir,itzrzt after substitution.
No other coefficient involving only coordinates in I contributes to this monomial. Thus the 28
vanishing equations uniquely solve for the 28 coefficients involving only I. Each solved coefficient
is a polynomial of total degree at most three in the entries of R and the remaining coefficients: at
most two entries of R are multiplied by one original coefficient. No division occurs.

Consequently, all coefficient tuples for ten forms admitting a common zero subspace in this
chart lie in the image of a polynomial map, defined over F2,

(3.4) fI : KL −→ KM , L = M − 10 · 28 + 266 = 10336,

whose component polynomials have degree at most three.
We next find a nonzero polynomial PI ∈ F2[Z0, . . . , ZM−1] of degree at most D for which PI ◦ fI

is the zero polynomial. Substitution by the component polynomials of fI defines a linear map
over F2 from polynomials in M variables of degree at most D to polynomials in L variables of
degree at most 3D. The respective dimensions are(

M + D

M

)
and

(
L + 3D

L

)
.

The first is larger. Indeed, since M < 214 and L < D,(
M + D

M

)
≥ DM

MM
> 212000M−14M ,(

L + 3D

L

)
≤ (L + 3D)L ≤ (4D)L = 212002L,

and

(3.5) 12000(M − L) − 14M − 2L = 2428 > 0.

The substitution map therefore has a nonzero kernel element PI . The identity PI ◦ fI = 0 is a
formal polynomial identity over F2, so it remains valid on parameters in K.

By Lemma 2.2, however, PI(c0, . . . , cM−1) ̸= 0. Hence our coefficient tuple is not in the image
of fI . This holds for every I. Every seven-dimensional subspace has an invertible seven-column
minor, so these charts cover all such subspaces. No common zero subspace has dimension seven;
any higher-dimensional one would contain a seven-dimensional one. The lemma follows. □

4. The group and a large abelian subgroup

On the set
T = K45 × K45 × K10 × K10

define multiplication by
(a, b, u, v)(a′, b′, u′, v′)

=
(
a + a′, b + b′, u + u′ + F (a, b′), v + v′ + F (b′, a)

)
.

(4.1)

The additional term in the last two coordinates is bilinear in (a, b) and (a′, b′). For any bilinear
map c,

c(x, y) + c(x + y, z) = c(y, z) + c(x, y + z),
so (4.1) is associative. The zero tuple is the identity, and

(a, b, u, v)−1 =
(
a, b, u + F (a, b), v + F (b, a)

)
.

In particular,

(4.2) (a, b, u, v)2 =
(
0, 0, F (a, b), F (b, a)

)
.
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Define
(4.3) σ(a, b, u, v) =

(
b, a, v + F (b, a), u + F (a, b)

)
.

Applying σ twice cancels the extra terms, so σ2 = id. It is also multiplicative. For x = (a, b, u, v)
and y = (a′, b′, u′, v′), the third and fourth coordinates of both σ(xy) and σ(x)σ(y) are, respectively,

v + v′ + F (b, a) + F (b, a′) + F (b′, a′),
u + u′ + F (a, b) + F (a′, b) + F (a′, b′).

The first two coordinates agree as well. Thus σ is an involutory automorphism of T .
Let

(4.4) G = T ⋊ ⟨t⟩, t2 = 1,

where conjugation by t acts on T as σ. Explicitly, elements are pairs (x, e) with x ∈ T and e ∈ F2,
and
(4.5) (x, e)(y, f) =

(
xσe(y), e + f

)
.

We identify T with the subgroup of pairs (x, 0). The order is
(4.6) |G| = 2|K|110 = 2110N+1,

so G is a finite 2-group.
The subset

(4.7) E = {(a, 0, u, v) : a ∈ K45, u, v ∈ K10} ≤ T

is a subgroup with coordinatewise addition, by (4.1). Hence E is the additive group of K65 and is
elementary abelian of rank
(4.8) d(E) = 65N.

5. A bound for every abelian normal subgroup

Let
W = {(0, 0, u, v) : u, v ∈ K10} ≤ T.

Then W is central in T , normal in G, and elementary abelian of rank 20N . The map
π : T −→ K45 ⊕ K45, π(a, b, u, v) = (a, b),

is a homomorphism with kernel W . On this quotient, conjugation by t induces the interchange
S(a, b) = (b, a).

Proposition 5.1. For every abelian normal subgroup A ⊴ G, one has d(A) ≤ 32N + 1.

Proof. Put
H = Ω1(A) = {x ∈ A : x2 = 1}.

Because A is abelian, H is an elementary abelian characteristic subgroup of A, and therefore
H ⊴ G. The decomposition of a finite abelian 2-group into cyclic factors gives
(5.1) d(A) = dimF2 H.

This is why it suffices to control normal elementary abelian subgroups, even though the problem
allows abelian subgroups of larger exponent.

Let H0 = H ∩ T and U = π(H0). Then U is an F2-linear subspace invariant under S. Define
X = {a ∈ K45 : (a, a) ∈ U}.

The kernel of (S + id)|U is exactly {(a, a) : a ∈ X}. In characteristic two,
(S + id)2 = 0,

so the image of (S + id)|U lies in its kernel. Rank–nullity yields
(5.2) dimF2 U ≤ 2 dimF2 X.

For a ∈ X, choose a lift (a, a, u, v) ∈ H0. Since its square is the identity, (4.2) gives F (a, a) = 0.
Thus all ten quadratic forms vanish on X. The space X is F2-linear, so for a, b ∈ X,
(5.3) F (a, b) + F (b, a) = F (a + b, a + b) + F (a, a) + F (b, b) = 0.
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Although X need not be K-linear, its K-linear span is a common zero subspace. Indeed, for
a1, . . . , ar ∈ X and λ1, . . . , λr ∈ K, bilinearity gives

F

∑
j

λjaj ,
∑

j

λjaj

 =
∑

j

λ2
jF (aj , aj)

+
∑
j<k

λjλk

(
F (aj , ak) + F (ak, aj)

)
= 0.

(5.4)

Lemma 3.1 therefore gives
dimK spanK(X) ≤ 6, dimF2 X ≤ 6N.

Together with (5.2), this implies dimF2 U ≤ 12N .
The kernel of π|H0 is H0 ∩ W , whence

dimF2 H0 = dimF2(H0 ∩ W ) + dimF2 U ≤ 20N + 12N = 32N.

Finally, H/H0 embeds in G/T , which has order two. Therefore dimF2 H ≤ 32N + 1, and (5.1)
proves the proposition. □

6. Failure of the proposed bound

Proof of Theorem 1.1. The group specified by (2.3), (2.4), (3.1)–(3.2), and (4.1)–(4.5) has the
order stated in (4.6). Proposition 5.1 proves (1.1), and (4.8) proves (1.2). Set k = 32N + 1. Then
every abelian normal subgroup can be generated by at most k elements, whereas

d(E) − 2k = 65N − 2(32N + 1) = N − 2 > 0.

This contradicts the proposed conclusion of Problem 20.75. Equivalently,
r(G) ≥ 65N > 2(32N + 1) ≥ 2 nr(G).

□

The value of N is chosen only to make the coefficient selection fully deterministic with a direct
degree bound. It is the degree [K : F2], not the order of K. No assertion of minimality is made. A
single counterexample for p = 2 answers the stated question; the construction makes no assertion
for odd primes.
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\begin{document}
\begin{abstract}
We give a negative answer to Problem 20.75 of the Kourovka Notebook, proposed by L.~Pyber. For the explicit integer $N=2^{124210350}$, we construct a finite $2$-group $G$ of order $2^{110N+1}$ such that every abelian normal subgroup of $G$ can be generated by at most $32N+1$ elements, while $G$ has an elementary abelian subgroup requiring $65N$ generators. The field, coefficients, and group multiplication are specified by finite deterministic formulas. The proof is self-contained and does not require enumeration of the group or its subgroups.
\end{abstract}
\maketitle

\section{The question and the answer}

\noindent\textbf{Question.} The following problem appears in the Kourovka Notebook \cite[p.~157]{KN}.

\begin{quote}
\noindent\textbf{20.75.} Let $G$ be a finite $p$-group and assume that all abelian normal subgroups of
$G$ can be generated by $k$ elements. Is it true that every abelian subgroup
of $G$ can be generated by $2k$ elements?

The $k$-th direct power of $D_{16}$ shows that this bound would be best possible.
\par\smallskip\hfill\textit{L. Pyber}
\end{quote}

For a finite group $A$, let $d(A)$ denote the least size of a generating
set. The same question appears in \cite[Question 3.9]{HPPS}, using the notation
\[
 r(G)=\max_{\substack{B\leq G\\ B\text{ abelian}}}d(B),
 \qquad
 \nr(G)=\max_{\substack{A\trianglelefteq G\\ A\text{ abelian}}}d(A).
\]
Thus the proposed inequality is $r(G)\leq 2\nr(G)$. We construct a counterexample for $p=2$.

\begin{theorem}\label{thm:main}
Let $N=2^{124210350}$. There is an explicitly specified finite $2$-group $G$ of order $2^{110N+1}$ with the following properties:
\begin{align}
 d(A)&\leq 32N+1 &&\text{for every abelian normal subgroup }A\trianglelefteq G,\label{eq:mainnormal}\\
 d(E)&=65N &&\text{for an elementary abelian subgroup }E\leq G.\label{eq:mainE}
\end{align}
In particular, $r(G)>2\nr(G)$, and Problem 20.75 has a negative answer.
\end{theorem}

The construction has an index-two subgroup $T$ with a central subgroup $W$ whose underlying additive group is $K^{20}$. The outer involution interchanges the two copies of $K^{45}$ in $T/W$. For a normal elementary abelian subgroup $H$, the image of $H\cap T$ is invariant under this interchange; its fixed subspace has at least half its dimension. Squares of lifts of fixed vectors are controlled by ten quadratic forms. Excluding a common seven-dimensional zero subspace bounds the rank of every abelian normal subgroup.

All fields below have characteristic two. We write $\rk V$ for the dimension of an $\F_2$-vector space $V$. When a different ground field is intended, it is displayed explicitly.

\section{An explicit field and its coefficients}

Set
\begin{gather}
 M=10350,\qquad L=10336,\qquad D=2^{12000},\qquad B=D+1,\label{eq:constants1}\\
 s=12001M=124210350,\qquad N=2^s.\label{eq:constants2}
\end{gather}
Starting with $K_0=\F_2$ and $a_0=1$, define recursively, for $0\leq i<s$,
\begin{equation}\label{eq:tower}
 K_{i+1}=K_i[t_i]/(t_i^2+t_i+a_i),\qquad a_{i+1}=a_i t_i.
\end{equation}
Here $t_i$ also denotes its residue class in the quotient. Put $K=K_s$ and $\alpha=a_s$.

\begin{lemma}\label{lem:field}
Every quotient in \eqref{eq:tower} is a field. Moreover,
\[
 [K:\F_2]=N,\qquad |K|=2^N,\qquad [\F_2(\alpha):\F_2]=N.
\]
\end{lemma}

\begin{proof}
We prove inductively that $K_i$ is a field and $\Tr_{K_i/\F_2}(a_i)=1$. This is true for $i=0$. In a finite field of characteristic two, the $\F_2$-linear map $z\mapsto z^2+z$ has kernel $\{0,1\}$, and its image lies in the kernel of the absolute trace. At the inductive step the trace is nonzero because it takes the value $1$ on $a_i$. Both subspaces therefore have index two, so the image is exactly the trace-zero subspace. Consequently $t^2+t+a_i$ has no root in $K_i$ and is irreducible.

The two roots of this polynomial differ by $1$. Hence
\[
 \Tr_{K_{i+1}/K_i}(a_i t_i)
 =a_i\bigl(t_i+(t_i+1)\bigr)=a_i.
\]
Trace transitivity proves the induction. Each extension in the tower has degree two, so $[K:\F_2]=2^s=N$ and $\Tr_{K/\F_2}(\alpha)=1$.

If $\alpha$ belonged to a proper subfield $F\subset K$, then $[K:F]$ would be an even integer, since $[K:\F_2]$ is a power of two. As $\alpha\in F$, we would have $\Tr_{K/F}(\alpha)=[K:F]\alpha=0$, and thus $\Tr_{K/\F_2}(\alpha)=0$, a contradiction. Therefore $\alpha$ has degree $N$ over $\F_2$.
\end{proof}

For $0\leq j<M$, define
\begin{equation}\label{eq:coeffs}
 c_j=\alpha^{B^j}.
\end{equation}

\begin{lemma}\label{lem:avoidance}
For every nonzero polynomial $P\in\F_2[Z_0,\ldots,Z_{M-1}]$ of total degree at most $D$,
\begin{equation}\label{eq:avoidance}
 P(c_0,\ldots,c_{M-1})\neq 0.
\end{equation}
\end{lemma}

\begin{proof}
Make the substitution $Z_j=T^{B^j}$. A monomial $\prod_j Z_j^{e_j}$ becomes $T^{\sum_j e_j B^j}$. Since $0\leq e_j\leq D=B-1$, distinct monomials give distinct exponents by uniqueness of base-$B$ expansions. Thus the resulting polynomial $\widetilde P(T)$ is nonzero. Its degree is at most
\[
 D\sum_{j=0}^{M-1}B^j=B^M-1<N,
\]
because $B<2^{12001}$ and $N=2^{12001M}$. By Lemma~\ref{lem:field}, a nonzero polynomial over $\F_2$ of degree less than $N$ cannot vanish at $\alpha$. Since $\widetilde P(\alpha)=P(c_0,\ldots,c_{M-1})$, the result follows.
\end{proof}

\section{Quadratic forms with no common seven-dimensional zero subspace}

Order the triples $(i,j,k)$ with $1\leq i\leq 10$ and $1\leq j\leq k\leq 45$ lexicographically, assigning indices $0,\ldots,M-1$. There are indeed $10\binom{46}{2}=10350=M$ triples. If the index of $(i,j,k)$ is $\ell$, put $C_{i,j,k}=c_\ell$. For $x,y\in K^{45}$, define
\begin{align}
 Q_i(x)&=\sum_{1\leq j\leq k\leq45}C_{i,j,k}x_jx_k,\label{eq:Q}\\
 F_i(x,y)&=\sum_{1\leq j\leq k\leq45}C_{i,j,k}x_jy_k.\label{eq:F}
\end{align}
Then $F=(F_1,\ldots,F_{10})$ is a $K$-bilinear map $K^{45}\times K^{45}\to K^{10}$, and
\begin{equation}\label{eq:FQ}
 F(x,x)=(Q_1(x),\ldots,Q_{10}(x)).
\end{equation}
A \emph{common zero subspace} means a $K$-linear subspace on which every $Q_i$ vanishes. Vanishing of the polar forms alone is not sufficient.

\begin{lemma}\label{lem:forms}
Every common zero subspace of $Q_1,\ldots,Q_{10}$ has $K$-dimension at most six.
\end{lemma}

\begin{proof}
Fix a set $I=\{i_1<\cdots<i_7\}$ of coordinate positions. Every seven-dimensional subspace whose projection onto these coordinates is an isomorphism has a basis matrix with the identity matrix in columns $I$ and a $7\times38$ matrix $R$ in the other columns. Equivalently, its vectors are obtained by substituting
\[
 x_{i_r}=z_r\quad(1\leq r\leq7),\qquad
 x_j=\sum_{r=1}^7 R_{r,j}z_r\quad(j\notin I).
\]
The parameters in $R$ number $7\cdot38=266$.

The restriction of one quadratic form has $\binom82=28$ coefficients. Its being identically zero is equivalent to the vanishing of these coefficients: evaluate at the coordinate vectors to recover the diagonal coefficients, and at sums of two distinct coordinate vectors to recover the remaining coefficients. This observation is valid in characteristic two.

The original coefficient $C_{i,i_r,i_t}$, for $r\leq t$, contributes exactly $C_{i,i_r,i_t}z_rz_t$ after substitution. No other coefficient involving only coordinates in $I$ contributes to this monomial. Thus the 28 vanishing equations uniquely solve for the 28 coefficients involving only $I$. Each solved coefficient is a polynomial of total degree at most three in the entries of $R$ and the remaining coefficients: at most two entries of $R$ are multiplied by one original coefficient. No division occurs.

Consequently, all coefficient tuples for ten forms admitting a common zero subspace in this chart lie in the image of a polynomial map, defined over $\F_2$,
\begin{equation}\label{eq:chart}
 f_I:K^L\longrightarrow K^M,\qquad
 L=M-10\cdot28+266=10336,
\end{equation}
whose component polynomials have degree at most three.

We next find a nonzero polynomial $P_I\in\F_2[Z_0,\ldots,Z_{M-1}]$ of degree at most $D$ for which $P_I\circ f_I$ is the zero polynomial. Substitution by the component polynomials of $f_I$ defines a linear map over $\F_2$ from polynomials in $M$ variables of degree at most $D$ to polynomials in $L$ variables of degree at most $3D$. The respective dimensions are
\[
 \binom{M+D}{M}\qquad\text{and}\qquad\binom{L+3D}{L}.
\]
The first is larger. Indeed, since $M<2^{14}$ and $L<D$,
\begin{align*}
 \binom{M+D}{M}
 &\geq \frac{D^M}{M^M}>2^{12000M-14M},\\
 \binom{L+3D}{L}
 &\leq (L+3D)^L\leq(4D)^L=2^{12002L},
\end{align*}
and
\begin{equation}\label{eq:dimensiongap}
 12000(M-L)-14M-2L=2428>0.
\end{equation}
The substitution map therefore has a nonzero kernel element $P_I$. The identity $P_I\circ f_I=0$ is a formal polynomial identity over $\F_2$, so it remains valid on parameters in $K$.

By Lemma~\ref{lem:avoidance}, however, $P_I(c_0,\ldots,c_{M-1})\neq0$. Hence our coefficient tuple is not in the image of $f_I$. This holds for every $I$. Every seven-dimensional subspace has an invertible seven-column minor, so these charts cover all such subspaces. No common zero subspace has dimension seven; any higher-dimensional one would contain a seven-dimensional one. The lemma follows.
\end{proof}

\section{The group and a large abelian subgroup}

On the set
\[
 T=K^{45}\times K^{45}\times K^{10}\times K^{10}
\]
define multiplication by
\begin{equation}\label{eq:group}
\begin{split}
 &(a,b,u,v)(a',b',u',v')\\
 &\quad=\bigl(a+a',\ b+b',\ u+u'+F(a,b'),\ v+v'+F(b',a)\bigr).
\end{split}
\end{equation}
The additional term in the last two coordinates is bilinear in $(a,b)$ and $(a',b')$. For any bilinear map $c$,
\[
 c(x,y)+c(x+y,z)=c(y,z)+c(x,y+z),
\]
so \eqref{eq:group} is associative. The zero tuple is the identity, and
\[
 (a,b,u,v)^{-1}=\bigl(a,b,u+F(a,b),v+F(b,a)\bigr).
\]
In particular,
\begin{equation}\label{eq:square}
 (a,b,u,v)^2=\bigl(0,0,F(a,b),F(b,a)\bigr).
\end{equation}

Define
\begin{equation}\label{eq:sigma}
 \sigma(a,b,u,v)=\bigl(b,a,v+F(b,a),u+F(a,b)\bigr).
\end{equation}
Applying $\sigma$ twice cancels the extra terms, so $\sigma^2=\id$. It is also multiplicative. For $x=(a,b,u,v)$ and $y=(a',b',u',v')$, the third and fourth coordinates of both $\sigma(xy)$ and $\sigma(x)\sigma(y)$ are, respectively,
\begin{align*}
 &v+v'+F(b,a)+F(b,a')+F(b',a'),\\
 &u+u'+F(a,b)+F(a',b)+F(a',b').
\end{align*}
The first two coordinates agree as well. Thus $\sigma$ is an involutory automorphism of $T$.

Let
\begin{equation}\label{eq:G}
 G=T\rtimes\langle t\rangle,\qquad t^2=1,
\end{equation}
where conjugation by $t$ acts on $T$ as $\sigma$. Explicitly, elements are pairs $(x,e)$ with $x\in T$ and $e\in\F_2$, and
\begin{equation}\label{eq:semidirect}
 (x,e)(y,f)=\bigl(x\sigma^e(y),e+f\bigr).
\end{equation}
We identify $T$ with the subgroup of pairs $(x,0)$. The order is
\begin{equation}\label{eq:order}
 |G|=2|K|^{110}=2^{110N+1},
\end{equation}
so $G$ is a finite $2$-group.

The subset
\begin{equation}\label{eq:E}
 E=\{(a,0,u,v):a\in K^{45},\ u,v\in K^{10}\}\leq T
\end{equation}
is a subgroup with coordinatewise addition, by \eqref{eq:group}. Hence $E$ is the additive group of $K^{65}$ and is elementary abelian of rank
\begin{equation}\label{eq:Erank}
 d(E)=65N.
\end{equation}

\section{A bound for every abelian normal subgroup}

Let
\[
 W=\{(0,0,u,v):u,v\in K^{10}\}\leq T.
\]
Then $W$ is central in $T$, normal in $G$, and elementary abelian of rank $20N$. The map
\[
 \pi:T\longrightarrow K^{45}\oplus K^{45},\qquad
 \pi(a,b,u,v)=(a,b),
\]
is a homomorphism with kernel $W$. On this quotient, conjugation by $t$ induces the interchange
\[
 S(a,b)=(b,a).
\]

\begin{proposition}\label{prop:normal}
For every abelian normal subgroup $A\trianglelefteq G$, one has $d(A)\leq32N+1$.
\end{proposition}

\begin{proof}
Put
\[
 H=\Omega_1(A)=\{x\in A:x^2=1\}.
\]
Because $A$ is abelian, $H$ is an elementary abelian characteristic subgroup of $A$, and therefore $H\trianglelefteq G$. The decomposition of a finite abelian $2$-group into cyclic factors gives
\begin{equation}\label{eq:Omega}
 d(A)=\rk H.
\end{equation}
This is why it suffices to control normal elementary abelian subgroups, even though the problem allows abelian subgroups of larger exponent.

Let $H_0=H\cap T$ and $U=\pi(H_0)$. Then $U$ is an $\F_2$-linear subspace invariant under $S$. Define
\[
 X=\{a\in K^{45}:(a,a)\in U\}.
\]
The kernel of $(S+\id)|_U$ is exactly $\{(a,a):a\in X\}$. In characteristic two,
\[
 (S+\id)^2=0,
\]
so the image of $(S+\id)|_U$ lies in its kernel. Rank--nullity yields
\begin{equation}\label{eq:swapbound}
 \rk U\leq 2\rk X.
\end{equation}

For $a\in X$, choose a lift $(a,a,u,v)\in H_0$. Since its square is the identity, \eqref{eq:square} gives $F(a,a)=0$. Thus all ten quadratic forms vanish on $X$. The space $X$ is $\F_2$-linear, so for $a,b\in X$,
\begin{equation}\label{eq:polar}
 F(a,b)+F(b,a)=F(a+b,a+b)+F(a,a)+F(b,b)=0.
\end{equation}
Although $X$ need not be $K$-linear, its $K$-linear span is a common zero subspace. Indeed, for $a_1,\ldots,a_r\in X$ and $\lambda_1,\ldots,\lambda_r\in K$, bilinearity gives
\begin{equation}\label{eq:span}
\begin{split}
 F\left(\sum_j\lambda_ja_j,\sum_j\lambda_ja_j\right)
 &=\sum_j\lambda_j^2 F(a_j,a_j)\\
 &\quad+\sum_{j<k}\lambda_j\lambda_k
       \bigl(F(a_j,a_k)+F(a_k,a_j)\bigr)=0.
\end{split}
\end{equation}
Lemma~\ref{lem:forms} therefore gives
\[
 \dim_K\Span_K(X)\leq6,\qquad \rk X\leq6N.
\]
Together with \eqref{eq:swapbound}, this implies $\rk U\leq12N$.

The kernel of $\pi|_{H_0}$ is $H_0\cap W$, whence
\[
 \rk H_0=\rk(H_0\cap W)+\rk U
 \leq20N+12N=32N.
\]
Finally, $H/H_0$ embeds in $G/T$, which has order two. Therefore $\rk H\leq32N+1$, and \eqref{eq:Omega} proves the proposition.
\end{proof}

\section{Failure of the proposed bound}

\begin{proof}[Proof of Theorem~\ref{thm:main}]
The group specified by \eqref{eq:tower}, \eqref{eq:coeffs}, \eqref{eq:Q}--\eqref{eq:F}, and \eqref{eq:group}--\eqref{eq:semidirect} has the order stated in \eqref{eq:order}. Proposition~\ref{prop:normal} proves \eqref{eq:mainnormal}, and \eqref{eq:Erank} proves \eqref{eq:mainE}. Set $k=32N+1$. Then every abelian normal subgroup can be generated by at most $k$ elements, whereas
\[
 d(E)-2k=65N-2(32N+1)=N-2>0.
\]
This contradicts the proposed conclusion of Problem 20.75. Equivalently,
\[
 r(G)\geq65N>2(32N+1)\geq2\nr(G).
\]
\end{proof}

The value of $N$ is chosen only to make the coefficient selection fully deterministic with a direct degree bound. It is the degree $[K:\F_2]$, not the order of $K$. No assertion of minimality is made. A single counterexample for $p=2$ answers the stated question; the construction makes no assertion for odd primes.

\subsection*{Acknowledgement}
This work was carried out with assistance from ChatGPT.

\begin{thebibliography}{HPPS}
\bibitem[HPPS]{HPPS}
Z.~Halasi, K.~Podoski, L.~Pyber, and E.~Szab\'o,
\emph{On $p$-groups with a maximal elementary abelian normal subgroup of rank $k$},
J.~Algebra \textbf{647} (2024), 744--757.
\href{https://doi.org/10.1016/j.jalgebra.2024.02.026}{doi:10.1016/j.jalgebra.2024.02.026}.
See also \href{https://arxiv.org/abs/2305.02037v2}{arXiv:2305.02037v2}, Question~3.9.

\bibitem[KN]{KN}
E.~I. Khukhro and V.~D. Mazurov (eds.),
\emph{Unsolved Problems in Group Theory. The Kourovka Notebook},
21st ed., Novosibirsk, 2026, version~46, Problem~20.75, p.~157.
\href{https://arxiv.org/abs/1401.0300v46}{arXiv:1401.0300v46}.

\end{thebibliography}
\end{document}



#!/usr/bin/env python3
"""Exact arithmetic and formal bilinear checks for the printed 20.75 proof.

The enormous field and group are NOT enumerated. Group identities are checked
formally for a completely arbitrary bilinear map in characteristic two.
The existence/avoidance argument remains the mathematical proof in the paper.
Uses only the Python standard library.
"""
from __future__ import annotations
from itertools import combinations_with_replacement
from math import comb
from pathlib import Path
import json

# Finite sets encode formal sums over F_2. Distinct ordered F-symbols remain
# distinct: no symmetry of the bilinear map is assumed.
def atom(name): return frozenset({name})
def F(a,b):
    ans=frozenset()
    for x in a:
        for y in b: ans=ans ^ frozenset({('F',x,y)})
    return ans

def mul(x,y):
    a,b,u,v=x; aa,bb,uu,vv=y
    return a^aa,b^bb,u^uu^F(a,bb),v^vv^F(bb,a)
def sig(x):
    a,b,u,v=x
    return b,a,v^F(b,a),u^F(a,b)
def inv(x):
    a,b,u,v=x
    return a,b,u^F(a,b),v^F(b,a)
def element(s): return tuple(atom(t+s) for t in ('a','b','u','v'))
one=(frozenset(),)*4
x,y,z=map(element,('','1','2'))
assert mul(mul(x,y),z)==mul(x,mul(y,z))
assert sig(sig(x))==x
assert sig(mul(x,y))==mul(sig(x),sig(y))
assert mul(x,inv(x))==one==mul(inv(x),x)
assert mul(x,x)==(frozenset(),frozenset(),F(x[0],x[1]),F(x[1],x[0]))
assert mul((x[0],frozenset(),x[2],x[3]),(y[0],frozenset(),y[2],y[3]))==(
    x[0]^y[0],frozenset(),x[2]^y[2],x[3]^y[3])
# Formal swap nilpotency, independent of dimensions or coefficients.
a,b=x[:2]
N=lambda v:(v[0]^v[1],v[0]^v[1])
assert N(N((a,b)))==(frozenset(),frozenset())
# Expansion of F(sum lambda_j a_j,sum lambda_j a_j): formal monomials
# have symmetric scalar coefficients, but ordered bilinear symbols.
for r in range(1,9):
    full=frozenset((tuple(sorted((i,j))),('F',i,j)) for i in range(r) for j in range(r))
    grouped={( (i,i),('F',i,i)) for i in range(r)}
    for i in range(r):
        for j in range(i+1,r):
            grouped|={((i,j),('F',i,j)),((i,j),('F',j,i))}
    assert full==frozenset(grouped)

m,h,k=45,10,7
M=h*comb(m+1,2)
restricted=h*comb(k+1,2)
parameters=k*(m-k)
L=M-restricted+parameters
D=1<<12000
B=D+1
s=12001*M
assert (M,L,restricted,parameters,s)==(10350,10336,280,266,124210350)
assert M<1<<14 and L<D and B<1<<12001
margin=12000*(M-L)-14*M-2*L
assert margin==2428 and margin>0
assert (45+45+10+10,45+10+10,20+2*6)==(110,65,32)
assert 65-2*32==1 and s>1  # 65N-2(32N+1)=N-2>0, N=2**s.

# Verify the chart pattern: pivot coordinates are z_0,...,z_6.
# Every other coordinate is a linear combination sum R_ij z_i.
# We expand a generic quadratic form combinatorially. Each term's degree
# in parameters (R entries plus original C coefficient) is at most 3.
# Any other chart differs only by a permutation of the 45 coordinates.
coords=[]
for j in range(m):
    coords.append([(j,())] if j<k else [(i,((i,j),)) for i in range(k)])
pivot_map={};max_degree=0
for j,l in combinations_with_replacement(range(m),2):
    polynomial={}
    for i,ri in coords[j]:
        for t,rt in coords[l]:
            key=(tuple(sorted((i,t))),tuple(sorted(ri+rt)))
            polynomial[key]=1-polynomial.get(key,0)
    for (mon,rs),coeff in polynomial.items():
        if not coeff:continue
        max_degree=max(max_degree,1+len(rs))
        if j<k and l<k:
            assert not rs and mon==(j,l)
            pivot_map[(j,l)]=mon
assert len(pivot_map)==28 and max_degree==3
# Artin-Schreier relative trace: a*t + a*(t+1) = a formally.
# A monomial is a tuple of formal variables.
term1=frozenset({('a','t')})
term2=frozenset({('a','t'),('a',)})
assert term1^term2==frozenset({('a',)})

result={
 'scope':'Formal characteristic-two bilinear identities and exact arithmetic; no enumeration of the field or group.',
 'associativity_for_arbitrary_bilinear_F':True,'inverse_and_square_formulas':True,
 'sigma_involutory':True,'sigma_multiplicative':True,'elementary_subgroup_law':True,
 'swap_minus_identity_squared_zero':True,'bilinear_span_expansion':True,
 'artin_schreier_relative_trace_identity':True,
 'coefficient_count_M':M,'chart_parameter_count_L':L,
 'restricted_coefficients':restricted,'matrix_R_parameters':parameters,
 'chart_solved_coefficients_per_form':len(pivot_map),'maximum_chart_degree':max_degree,
 'degree_comparison_log2_margin':margin,'tower_length_s':s,
 'group_dimension_exponent':110,'large_abelian_rank_coefficient':65,
 'normal_abelian_rank_bound_coefficient':32,'final_rank_gap':'N - 2 > 0',
 'result':'ALL CHECKS PASSED'}
Path(__file__).with_name('symbolic_2075_checks.json').write_text(json.dumps(result,indent=2)+'\n')
print(json.dumps(result,indent=2))



{
  "scope": "Formal characteristic-two bilinear identities and exact arithmetic; no enumeration of the field or group.",
  "associativity_for_arbitrary_bilinear_F": true,
  "inverse_and_square_formulas": true,
  "sigma_involutory": true,
  "sigma_multiplicative": true,
  "elementary_subgroup_law": true,
  "swap_minus_identity_squared_zero": true,
  "bilinear_span_expansion": true,
  "artin_schreier_relative_trace_identity": true,
  "coefficient_count_M": 10350,
  "chart_parameter_count_L": 10336,
  "restricted_coefficients": 280,
  "matrix_R_parameters": 266,
  "chart_solved_coefficients_per_form": 28,
  "maximum_chart_degree": 3,
  "degree_comparison_log2_margin": 2428,
  "tower_length_s": 124210350,
  "group_dimension_exponent": 110,
  "large_abelian_rank_coefficient": 65,
  "normal_abelian_rank_bound_coefficient": 32,
  "final_rank_gap": "N - 2 > 0",
  "result": "ALL CHECKS PASSED"
}



{
  "scope": "Formal characteristic-two bilinear identities and exact arithmetic; no enumeration of the field or group.",
  "associativity_for_arbitrary_bilinear_F": true,
  "inverse_and_square_formulas": true,
  "sigma_involutory": true,
  "sigma_multiplicative": true,
  "elementary_subgroup_law": true,
  "swap_minus_identity_squared_zero": true,
  "bilinear_span_expansion": true,
  "artin_schreier_relative_trace_identity": true,
  "coefficient_count_M": 10350,
  "chart_parameter_count_L": 10336,
  "restricted_coefficients": 280,
  "matrix_R_parameters": 266,
  "chart_solved_coefficients_per_form": 28,
  "maximum_chart_degree": 3,
  "degree_comparison_log2_margin": 2428,
  "tower_length_s": 124210350,
  "group_dimension_exponent": 110,
  "large_abelian_rank_coefficient": 65,
  "normal_abelian_rank_bound_coefficient": 32,
  "final_rank_gap": "N - 2 > 0",
  "result": "ALL CHECKS PASSED"
}



Kourovka 20.75 — source and verification material

The PDF contains the revised manuscript; the source used to compile it is Kourovka_20.75_solution.tex.

VERIFICATION SCOPE
The supplementary script checks formal characteristic-two bilinear identities (associativity, inverse, squares, the involution and its multiplicativity), the chart coefficient counts and degree-three bound, and the exact integer inequalities. The positive logarithmic margin is 2,428. It does not enumerate the enormous field or group. The finite-field tower, polynomial avoidance argument and bound on all normal abelian subgroups are justified by the written proof, not by a finite scan.

REPRODUCTION
Run from this directory with Python 3 (without -O or PYTHONOPTIMIZE).
The Python checker uses the standard library.

python verify_symbolic_2075.py

All listed commands completed with exit status 0 in this review. Fresh output logs and machine-readable results are included. Rerunning may change timing lines or local paths, without changing the mathematical outputs.

LaTeX: run pdflatex -no-shell-escape -interaction=nonstopmode -halt-on-error Kourovka_20.75_solution.tex at least twice. Embedded PDF attachments are added after compilation; they do not alter the rendered mathematical pages.

The SHA256SUMS manifest identifies the exact attached files. A checksum is not a proof of a mathematical claim.
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