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Abstract

For each odd prime p, let V = Fp[r]/(r2p), regarded as a vector space. We first construct
two explicit linear automorphisms Y, T and determine the subgroup Bp = ⟨Y, T ⟩ ≤ GL(V ): it is
(Cp2 × C p−2

p ) ⋊ Cp, of order pp+1, with the action specified below. The affine semidirect product
of the additive group of V by Bp has order p3p+1 and exponent p2. Its literal set of p-th powers
is a subgroup isomorphic to UT3(Fp) × C p−1

p , and hence is nonabelian of exponent p. This gives
a uniform negative answer to the odd-prime part of Kourovka Notebook Problem 21.137. The
proof is self-contained.

1 The problem and the earlier examples
Question. Problem 21.137, posed by L. Wilson, is the following [1, p. 187].

21.137. If the p-th powers in a finite p-group form a subgroup, must that subgroup
be powerful? That is, for p ̸= 2, if the p-th powers in a p-group of exponent p2 form a
subgroup, must that subgroup be abelian? For a 2-group of exponent 8, if the squares
form a subgroup, must that subgroup be abelian?

L. Wilson

For a finite group X, distinguish

Pp(X) = {xp : x ∈ X} from Xp = ⟨xp : x ∈ X⟩.

For odd p, a finite p-group K is powerful if [K, K] ≤ Kp. Thus an exponent-p subgroup is powerful
exactly when it is abelian. It is essential to determine the literal power set, not merely the subgroup
it generates.

For p = 3, the solution comment in [1, p. 187] cites the author’s earlier counterexample [2], which
has order 315, exponent 9, and cube subgroup UT3(F3) × C3

3 . The present construction gives a
smaller example of order 310 and extends uniformly to every odd prime. Its affine structure emerged
from the order-310 example; the proof below does not depend on the discovery computation or on
the earlier Lie-theoretic construction.

2 The vector space and its linear automorphism group
Fix an odd prime p. Put

V = Fp[r]/(r2p) = spanFp
{1, r, . . . , r2p−1}.

We use multiplication in this truncated polynomial ring to describe linear maps, but V will enter
the final group as its additive group. In particular,

Aut(V, +) = GLFp(V ) = GL(V ).

All fractions below are interpreted in the truncated ring. For example, (1 − r)−1 = 1 + r + · · · + r2p−1.
Write each vector f ∈ V as its unique polynomial representative f = f(r) of degree less than 2p.

Define Y, T : V → V by

Y (f)(r) = (1 + r)f(r), T (f)(r) = 1
1 − r

f

(
r

1 − r

)
. (2.1)
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Both expressions are reduced modulo r2p. In the second formula, first substitute r/(1 − r) for the
variable in f(r), then multiply by (1 − r)−1. On basis monomials,

Y (ri) = ri + ri+1, T (ri) =
2p−1∑
j=i

(
j

i

)
rj , 0 ≤ i < 2p, (2.2)

where r2p = 0 and the binomial coefficients are reduced modulo p. Thus both maps have trian-
gular matrices with diagonal entries one, and are invertible Fp-linear maps. They are not ring
automorphisms. We now define the linear group

Bp = ⟨Y, T ⟩ ≤ Aut(V, +) = GL(V ). (2.3)

We determine its structure and size before forming the affine group.

2.1 The normal subgroup of multiplication operators

For a unit q = q(r) of the truncated ring, write Mq(f)(r) = q(r)f(r). Put

ha = 1 − ar (a ∈ Fp), U = ⟨Mha : a ∈ F×
p ⟩, c = Y p = M1+rp .

The representation q 7→ Mq is faithful, since Mq(1) = q. Where convenient, we identify a unit with
its multiplication operator. For a ∈ Fp, set

ϕa(r) = r

1 − ar
, Ta(f)(r) = 1

1 − ar
f(ϕa(r)).

These substitutions are well defined modulo r2p, since ϕa(r) is divisible by r. Direct substitution
gives

TaTb = Ta+b, TaMqT−a = Mq◦ϕa , hb ◦ ϕa = ha+b

ha
. (2.4)

In particular, T = T1 has order p and normalizes U .

Lemma 2.1. The linear group has the internal semidirect-product decomposition

Bp = U ⋊ ⟨T ⟩.

Every element of Bp has a unique form MqTa, with Mq ∈ U and a ∈ Fp. The action of ⟨T ⟩ on U is

TMhb
T −1 = Mhb+1/h1 .

Proof. Since Y = Mh−1 , its conjugates by Ta are multiplication by ha−1/ha. These ratios generate
every ha: start with h0 = 1 and recover successive ha around the additive cycle Fp. Hence Bp = U⟨T ⟩.

If a ̸= 0, then Ta is not multiplication by a unit. Its value on 1 is (1 − ar)−1, but

Ta(r) = r

(1 − ar)2 ̸= r

1 − ar
;

the coefficient of r2 in the difference is a ̸= 0. Thus U ∩ ⟨T ⟩ = 1. Normalization follows from (2.4),
proving all assertions.

Lemma 2.2. Reduction modulo rp+1 induces an isomorphism

U −→ 1 + rFp[r]/(rp+1).

Consequently,
U ∼= Cp2 × C p−2

p , |U | = pp.

Proof. The group U is abelian. Each generator satisfies

hp
a = 1 − arp = (1 + rp)−a.
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The operator c = M1+rp has order p, and Y p = c, so Up = ⟨c⟩. The quotient U/Up is elementary
abelian and is generated by at most p − 1 elements. Thus |U | ≤ pp.

To prove surjectivity of reduction, define

q1 = 1 + r, qj+1 = qj(ϕ1(r))
qj(r) .

By (2.4), all the Mqj lie in U . If q = 1 + λrj + O(rj+1), then

q(ϕ1(r))
q(r) = 1 + jλrj+1 + O(rj+2). (2.5)

Here O(rm) denotes an element of the ideal rmV . Inductively,

qj = 1 + (j − 1)!rj + O(rj+1) (1 ≤ j ≤ p − 1).

The leading coefficients are nonzero. These units, together with 1 + rp, prescribe the coefficients of
any principal unit modulo rp+1 successively, from degree one through degree p. Indeed, multiplying
by a suitable integer power of a unit beginning in degree j changes that coefficient arbitrarily and
leaves all lower coefficients unchanged. Reduction is therefore surjective.

Its target has pp elements. The upper bound on |U | shows that reduction is an isomorphism.
Finally, U has exponent p2 and |Up| = p. Its decomposition into cyclic factors therefore contains
one factor of order p2, with all other nontrivial factors of order p. The order gives the stated p − 2
additional factors.

Proposition 2.3. With the action specified in Lemma 2.1,

Bp
∼= (Cp2 × C p−2

p ) ⋊ Cp, |Bp| = pp+1. (2.6)

Moreover, for Mq ∈ U and a ∈ Fp,

(MqTa)p =
{

Mqp ∈ ⟨c⟩, a = 0,

I, a ̸= 0.
(2.7)

Proof. The structure and order follow from the two lemmas. For a ̸= 0, (2.4) shows that the
multiplier in (MqTa)p is

p−1∏
j=0

q(ϕja(r)).

This is multiplicative in q. On a generator hb, its value is
p−1∏
j=0

hb+ja

hja
= 1,

since ja and b + ja both run through Fp. Hence the product is one on every Mq ∈ U . When a = 0,
use Up = ⟨c⟩.

3 The affine semidirect product and the theorem
Having defined and determined Bp ≤ GL(V ), we form

Gp = (V, +) ⋊ Bp = (V, +) ⋊ ⟨Y, T ⟩. (3.1)

The action in this semidirect product is exactly the linear action already defined; no further action
is chosen. Explicitly,

(v, b)(w, d) = (v + b(w), bd) (v, w ∈ V, b, d ∈ Bp). (3.2)
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Thus (v, b) is the affine transformation f 7→ b(f) + v. The normal subgroup V consists of all
translations, the subgroup Bp consists of linear transformations, and

(0, b)(v, I)(0, b)−1 = (b(v), I).

In particular,
|Gp| = |V | |Bp| = p2ppp+1 = p3p+1. (3.3)

Put
W = rp−1V = spanFp

{rp−1, rp, . . . , r2p−1}, Rp = W ⋊ ⟨c⟩.
The space W is c-invariant, so Rp is a subgroup of Gp.

Theorem 3.1. For every odd prime p, the group Gp has order p3p+1, exponent p2, and

Pp(Gp) = Rp
∼= UT3(Fp) × C p−1

p . (3.4)

Thus its literal set of p-th powers is a nonabelian subgroup of order pp+2 and exponent p, and is not
powerful.

3.1 The power formula and containment

From (3.2),
(v, b)p = (Nbv, bp), Nb = I + b + · · · + bp−1 = (b − I)p−1. (3.5)

The last equality follows by expanding (X − 1)p−1 in characteristic p. Every b ∈ Bp preserves the
ideals riV and acts trivially on each successive quotient. Hence

(b − I)(riV ) ⊆ ri+1V, NbV ⊆ rp−1V = W.

Proposition 2.3 gives bp ∈ ⟨c⟩. Therefore

Pp(Gp) ⊆ Rp. (3.6)

3.2 The structure of the candidate power subgroup

On W , multiplication by c = 1 + rp satisfies

c(rp−1) = rp−1 + r2p−1, c(rj) = rj (p ≤ j ≤ 2p − 1). (3.7)

Thus c acts by one nontrivial shear. The subgroup generated by c and the translations by rp−1, r2p−1

is the Heisenberg group UT3(Fp). The remaining translations rp, . . . , r2p−2 form a central direct
factor Cp−1

p . This proves the asserted structure of Rp, and its order is pp+1p = pp+2.
For completeness, on W write c = I + D, where D2 = 0. For s ∈ Fp,

p−1∑
j=0

csj = pI + s

(
p

2

)
D = 0,

because p is odd. Formula (3.5) then shows that Rp has exponent p. Consequently (3.6) implies
that every element of Gp has order dividing p2. Since Y has order p2, the exponent is exactly p2.

4 Every element of the candidate subgroup is a power
We prove the reverse of (3.6). This is the step that establishes closure of the literal power set.

4.1 The cosets with nonidentity linear part

Let 1 ≤ s ≤ p − 1. The norm NY s is multiplication by(
(1 + r)s − 1

)p−1
.

Since (1 + r)s − 1 = sr + O(r2), this multiplier is rp−1 times a unit, so its image is exactly W . Also
(Y s)p = cs. It follows from (3.5) that every element of W × {cs} is a single p-th power.
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4.2 The pure translations

For a nonzero polynomial w, write ν(w) for its smallest nonzero degree.

Lemma 4.1. Two nonzero vectors of W are in the same U -orbit if and only if they have the same
smallest degree and the same coefficient in that degree.

Proof. Multiplication by a unit with constant coefficient one preserves these data. Conversely, write
the two vectors as w = λrdu and w′ = λrdu′, where d ≥ p − 1, λ ̸= 0, and u, u′ are principal units
modulo r2p−d. Since 2p − d ≤ p + 1, Lemma 2.2 supplies a multiplier q ∈ U whose reduction is u′/u
to that precision. Then qw = w′.

For k = 0, 1, . . . , p, define a mixed linear transformation

bk = Y −kT ∈ Bp.

Proposition 2.3 shows that bp
k = I. Expanding its action on a monomial gives

bk(ri) = (1 + r)−k ri

(1 − r)i+1 ,

(bk − I)(ri) = (i + 1 − k)ri+1 + O(ri+2). (4.1)

Starting with rk and applying bk − I successively p − 1 times, the leading coefficients encountered
are 1, 2, . . . , p − 1. None vanishes, and their product is −1 by Wilson’s theorem. Higher-degree terms
cannot change this leading coefficient, since each application raises degree by at least one. Therefore

Nbk
(rk) = −rp+k−1 + O(rp+k), 0 ≤ k ≤ p. (4.2)

The exponents p + k − 1 run through every possible smallest degree p − 1, . . . , 2p − 1 in W . Since
bp

k = I, (3.5) realizes each vector in (4.2) as a pure translation that is a p-th power. Scaling the
input rk realizes every nonzero leading coefficient.

Finally, being a p-th power is invariant under conjugation, and

(0, Mq)(w, I)(0, Mq)−1 = (qw, I) (Mq ∈ U).

Lemma 4.1 therefore turns these witnesses into every nonzero translation in W . The zero translation
is a power as well. Together with the nonidentity linear-part cosets, this proves Rp ⊆ Pp(Gp), and
hence equality. The group Rp is nonabelian by (3.7), while Rp

p = 1, so it is not powerful. This
completes the proof of Theorem 3.1.

Remark (p = 2). The final question for p = 2 also has a negative answer. The solution comment
to Problem 21.137 in [1, p. 187] records this answer and attributes it to a letter of A. Chang. The
construction in the present paper treats all odd primes.
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\begin{abstract}
For each odd prime \(p\), let \(V=\Fp[r]/(r^{2p})\), regarded as a vector
space. We first construct two explicit linear automorphisms \(Y,T\) and
determine the subgroup \(B_p=\langle Y,T\rangle\leq\GL(V)\): it is
\((C_{p^2}\times C_p^{\,p-2})\rtimes C_p\), of order \(p^{p+1}\), with
the action specified below. The affine semidirect product of the additive
group of \(V\) by \(B_p\) has order \(p^{3p+1}\) and exponent \(p^2\).
Its literal set of \(p\)-th powers is a subgroup isomorphic to
\(\UT_3(\Fp)\times C_p^{\,p-1}\), and hence is nonabelian of exponent
\(p\). This gives a uniform negative answer to the odd-prime part of
Kourovka Notebook Problem 21.137. The proof is self-contained.
\end{abstract}

\section{The problem and the earlier examples}

\noindent\textbf{Question.} Problem 21.137, posed by L.~Wilson,
is the following \cite[p.~187]{KN}.
\begin{quote}
\noindent\textbf{21.137.} If the $p$-th powers in a finite $p$-group form a subgroup, must that subgroup
be powerful? That is, for $p\ne2$, if the $p$-th powers in a $p$-group of
exponent $p^2$ form a subgroup, must that subgroup be abelian? For a $2$-group
of exponent $8$, if the squares form a subgroup, must that subgroup be abelian?
\par\smallskip\hfill\textit{L. Wilson}
\end{quote}
For a finite group \(X\), distinguish
\[
 \Pset(X)=\{x^p:x\in X\}\qquad\text{from}\qquad
 X^p=\langle x^p:x\in X\rangle.
\]
For odd \(p\), a finite \(p\)-group \(K\) is powerful if
\([K,K]\leq K^p\). Thus an exponent-\(p\) subgroup is powerful exactly
when it is abelian. It is essential to determine the literal power set,
not merely the subgroup it generates.

For \(p=3\), the solution comment in \cite[p.~187]{KN} cites the author's
earlier counterexample \cite{M3}, which has order \(3^{15}\), exponent \(9\),
and cube subgroup \(\UT_3(\mathbb F_3)\times C_3^3\). The present
construction gives a smaller example of order \(3^{10}\) and extends
uniformly to every odd prime. Its affine structure emerged from the
order-\(3^{10}\) example; the proof below does not depend on the discovery
computation or on the earlier Lie-theoretic construction.

\section{The vector space and its linear automorphism group}
\label{sec:linear}
Fix an odd prime \(p\). Put
\[
 V=\Fp[r]/(r^{2p})=\Span_{\Fp}\{1,r,\ldots,r^{2p-1}\}.
\]
We use multiplication in this truncated polynomial ring to describe
linear maps, but \(V\) will enter the final group as its \emph{additive}
group. In particular,
\[
 \Aut(V,+)=\GL_{\Fp}(V)=\GL(V).
\]
All fractions below are interpreted in the truncated ring. For example,
\((1-r)^{-1}=1+r+\cdots+r^{2p-1}\).

Write each vector \(f\in V\) as its unique polynomial representative
\(f=f(r)\) of degree less than \(2p\). Define \(Y,T:V\to V\) by
\begin{equation}\label{eq:YT}
 Y(f)(r)=(1+r)f(r),\qquad
 T(f)(r)=\frac{1}{1-r}f\!\left(\frac{r}{1-r}\right).
\end{equation}
Both expressions are reduced modulo \(r^{2p}\). In the second formula,
first substitute \(r/(1-r)\) for the variable in \(f(r)\), then multiply
by \((1-r)^{-1}\). On basis monomials,
\begin{equation}\label{eq:matrices}
 Y(r^i)=r^i+r^{i+1},\qquad
 T(r^i)=\sum_{j=i}^{2p-1}\binom ji r^j,
 \quad 0\leq i<2p,
\end{equation}
where \(r^{2p}=0\) and the binomial coefficients are reduced modulo \(p\).
Thus both maps have triangular matrices with diagonal entries one, and
are invertible \(\Fp\)-linear maps. They are not ring automorphisms.
We now define the linear group
\begin{equation}\label{eq:Bdefinition}
 \boxed{B_p=\langle Y,T\rangle\leq\Aut(V,+)=\GL(V).}
\end{equation}
We determine its structure and size before forming the affine group.

\subsection{The normal subgroup of multiplication operators}
For a unit \(q=q(r)\) of the truncated ring, write
\(M_q(f)(r)=q(r)f(r)\). Put
\[
 h_a=1-ar\quad(a\in\Fp),\qquad
 U=\langle M_{h_a}:a\in\Fp^\times\rangle,
 \qquad c=Y^p=M_{1+r^p}.
\]
The representation \(q\mapsto M_q\) is faithful, since \(M_q(1)=q\).
Where convenient, we identify a unit with its multiplication operator.
For \(a\in\Fp\), set
\[
 \phi_a(r)=\frac{r}{1-ar},\qquad
 T_a(f)(r)=\frac{1}{1-ar}f(\phi_a(r)).
\]
These substitutions are well defined modulo \(r^{2p}\), since
\(\phi_a(r)\) is divisible by \(r\). Direct substitution gives
\begin{equation}\label{eq:conjugation}
 T_aT_b=T_{a+b},\qquad
 T_aM_qT_{-a}=M_{q\circ\phi_a},\qquad
 h_b\circ\phi_a=\frac{h_{a+b}}{h_a}.
\end{equation}
In particular, \(T=T_1\) has order \(p\) and normalizes \(U\).

\begin{lemma}\label{lem:splitB}
The linear group has the internal semidirect-product decomposition
\[
 B_p=U\rtimes\langle T\rangle.
\]
Every element of \(B_p\) has a unique form \(M_qT_a\), with \(M_q\in U\)
and \(a\in\Fp\). The action of \(\langle T\rangle\) on \(U\) is
\[
 T M_{h_b}T^{-1}=M_{h_{b+1}/h_1}.
\]
\end{lemma}
\begin{proof}
Since \(Y=M_{h_{-1}}\), its conjugates by \(T_a\) are multiplication by
\(h_{a-1}/h_a\). These ratios generate every \(h_a\): start with
\(h_0=1\) and recover successive \(h_a\) around the additive cycle
\(\Fp\). Hence \(B_p=U\langle T\rangle\).

If \(a\ne0\), then \(T_a\) is not multiplication by a unit. Its value
on \(1\) is \((1-ar)^{-1}\), but
\[
 T_a(r)=\frac{r}{(1-ar)^2}\ne\frac{r}{1-ar};
\]
the coefficient of \(r^2\) in the difference is \(a\ne0\).
Thus \(U\cap\langle T\rangle=1\). Normalization follows from
\eqref{eq:conjugation}, proving all assertions.
\end{proof}

\begin{lemma}\label{lem:U}
Reduction modulo \(r^{p+1}\) induces an isomorphism
\[
 U\longrightarrow 1+r\Fp[r]/(r^{p+1}).
\]
Consequently,
\[
 U\cong C_{p^2}\times C_p^{\,p-2},\qquad |U|=p^p.
\]
\end{lemma}
\begin{proof}
The group \(U\) is abelian. Each generator satisfies
\[
 h_a^p=1-ar^p=(1+r^p)^{-a}.
\]
The operator \(c=M_{1+r^p}\) has order \(p\), and \(Y^p=c\), so
\(U^p=\langle c\rangle\). The quotient \(U/U^p\) is elementary abelian
and is generated by at most \(p-1\) elements. Thus \(|U|\leq p^p\).

To prove surjectivity of reduction, define
\[
 q_1=1+r,\qquad q_{j+1}=\frac{q_j(\phi_1(r))}{q_j(r)}.
\]
By \eqref{eq:conjugation}, all the \(M_{q_j}\) lie in \(U\).
If \(q=1+\lambda r^j+O(r^{j+1})\), then
\begin{equation}\label{eq:leadingunits}
 \frac{q(\phi_1(r))}{q(r)}
 =1+j\lambda r^{j+1}+O(r^{j+2}).
\end{equation}
Here \(O(r^m)\) denotes an element of the ideal \(r^mV\).
Inductively,
\[
 q_j=1+(j-1)!r^j+O(r^{j+1})\qquad(1\leq j\leq p-1).
\]
The leading coefficients are nonzero. These units, together with
\(1+r^p\), prescribe the coefficients of any principal unit modulo
\(r^{p+1}\) successively, from degree one through degree \(p\).
Indeed, multiplying by a suitable integer power of a unit beginning in
degree \(j\) changes that coefficient arbitrarily and leaves all lower
coefficients unchanged. Reduction is therefore surjective.

Its target has \(p^p\) elements. The upper bound on \(|U|\) shows that
reduction is an isomorphism. Finally, \(U\) has exponent \(p^2\) and
\(|U^p|=p\). Its decomposition into cyclic factors therefore contains
one factor of order \(p^2\), with all other nontrivial factors of order
\(p\). The order gives the stated \(p-2\) additional factors.
\end{proof}

\begin{proposition}\label{prop:B}
With the action specified in Lemma~\ref{lem:splitB},
\begin{equation}\label{eq:Bstructure}
 \boxed{B_p\cong(C_{p^2}\times C_p^{\,p-2})\rtimes C_p,
 \qquad |B_p|=p^{p+1}.}
\end{equation}
Moreover, for \(M_q\in U\) and \(a\in\Fp\),
\begin{equation}\label{eq:Bpowers}
 (M_qT_a)^p=
 \begin{cases}
 M_{q^p}\in\langle c\rangle,&a=0,\\
 I,&a\ne0.
 \end{cases}
\end{equation}
\end{proposition}
\begin{proof}
The structure and order follow from the two lemmas. For \(a\ne0\),
\eqref{eq:conjugation} shows that the multiplier in \((M_qT_a)^p\) is
\[
 \prod_{j=0}^{p-1}q(\phi_{ja}(r)).
\]
This is multiplicative in \(q\). On a generator \(h_b\), its value is
\[
 \prod_{j=0}^{p-1}\frac{h_{b+ja}}{h_{ja}}=1,
\]
since \(ja\) and \(b+ja\) both run through \(\Fp\). Hence the product
is one on every \(M_q\in U\). When \(a=0\), use
\(U^p=\langle c\rangle\).
\end{proof}

\section{The affine semidirect product and the theorem}
\label{sec:affine}
Having defined and determined \(B_p\leq\GL(V)\), we form
\begin{equation}\label{eq:G}
 \boxed{G_p=(V,+)\rtimes B_p=(V,+)\rtimes\langle Y,T\rangle.}
\end{equation}
The action in this semidirect product is exactly the linear action
already defined; no further action is chosen. Explicitly,
\begin{equation}\label{eq:product}
 (v,b)(w,d)=(v+b(w),bd)\qquad(v,w\in V,\ b,d\in B_p).
\end{equation}
Thus \((v,b)\) is the affine transformation \(f\mapsto b(f)+v\).
The normal subgroup \(V\) consists of all translations, the subgroup
\(B_p\) consists of linear transformations, and
\[
 (0,b)(v,I)(0,b)^{-1}=(b(v),I).
\]
In particular,
\begin{equation}\label{eq:orderG}
 |G_p|=|V|\,|B_p|=p^{2p}p^{p+1}=p^{3p+1}.
\end{equation}

Put
\[
 W=r^{p-1}V=\Span_{\Fp}\{r^{p-1},r^p,\ldots,r^{2p-1}\},
 \qquad R_p=W\rtimes\langle c\rangle.
\]
The space \(W\) is \(c\)-invariant, so \(R_p\) is a subgroup of \(G_p\).

\begin{theorem}\label{thm:main}
For every odd prime \(p\), the group \(G_p\) has order \(p^{3p+1}\),
exponent \(p^2\), and
\begin{equation}\label{eq:main}
 \Pset(G_p)=R_p\cong\UT_3(\Fp)\times C_p^{\,p-1}.
\end{equation}
Thus its literal set of \(p\)-th powers is a nonabelian subgroup of
order \(p^{p+2}\) and exponent \(p\), and is not powerful.
\end{theorem}

\subsection{The power formula and containment}
From \eqref{eq:product},
\begin{equation}\label{eq:power}
 (v,b)^p=(N_bv,b^p),\qquad
 N_b=I+b+\cdots+b^{p-1}=(b-I)^{p-1}.
\end{equation}
The last equality follows by expanding \((X-1)^{p-1}\) in characteristic
\(p\). Every \(b\in B_p\) preserves the ideals \(r^iV\) and acts
trivially on each successive quotient. Hence
\[
 (b-I)(r^iV)\subseteq r^{i+1}V,\qquad N_bV\subseteq r^{p-1}V=W.
\]
Proposition~\ref{prop:B} gives \(b^p\in\langle c\rangle\). Therefore
\begin{equation}\label{eq:containment}
 \Pset(G_p)\subseteq R_p.
\end{equation}

\subsection{The structure of the candidate power subgroup}
On \(W\), multiplication by \(c=1+r^p\) satisfies
\begin{equation}\label{eq:shear}
 c(r^{p-1})=r^{p-1}+r^{2p-1},\qquad
 c(r^j)=r^j\quad(p\leq j\leq2p-1).
\end{equation}
Thus \(c\) acts by one nontrivial shear. The subgroup generated by
\(c\) and the translations by \(r^{p-1},r^{2p-1}\) is the
Heisenberg group \(\UT_3(\Fp)\). The remaining translations
\(r^p,\ldots,r^{2p-2}\) form a central direct factor \(C_p^{p-1}\).
This proves the asserted structure of \(R_p\), and its order is
\(p^{p+1}p=p^{p+2}\).

For completeness, on \(W\) write \(c=I+D\), where \(D^2=0\).
For \(s\in\Fp\),
\[
 \sum_{j=0}^{p-1}c^{sj}
 =pI+s\binom p2D=0,
\]
because \(p\) is odd. Formula~\eqref{eq:power} then shows that
\(R_p\) has exponent \(p\). Consequently \eqref{eq:containment}
implies that every element of \(G_p\) has order dividing \(p^2\).
Since \(Y\) has order \(p^2\), the exponent is exactly \(p^2\).

\section{Every element of the candidate subgroup is a power}
\label{sec:surjectivity}
We prove the reverse of \eqref{eq:containment}. This is the step that
establishes closure of the literal power set.

\subsection{The cosets with nonidentity linear part}
Let \(1\leq s\leq p-1\). The norm \(N_{Y^s}\) is multiplication by
\[
 \bigl((1+r)^s-1\bigr)^{p-1}.
\]
Since \((1+r)^s-1=sr+O(r^2)\), this multiplier is \(r^{p-1}\)
times a unit, so its image is exactly \(W\). Also \((Y^s)^p=c^s\).
It follows from \eqref{eq:power} that every element of
\(W\times\{c^s\}\) is a single \(p\)-th power.

\subsection{The pure translations}
For a nonzero polynomial \(w\), write \(\nu(w)\) for its smallest
nonzero degree.
\begin{lemma}\label{lem:orbits}
Two nonzero vectors of \(W\) are in the same \(U\)-orbit if and only
if they have the same smallest degree and the same coefficient in that degree.
\end{lemma}
\begin{proof}
Multiplication by a unit with constant coefficient one preserves these
data. Conversely, write the two vectors as
\(w=\lambda r^du\) and \(w'=\lambda r^du'\), where
\(d\geq p-1\), \(\lambda\ne0\), and \(u,u'\) are principal units
modulo \(r^{2p-d}\). Since \(2p-d\leq p+1\), Lemma~\ref{lem:U}
supplies a multiplier \(q\in U\) whose reduction is \(u'/u\) to that
precision. Then \(qw=w'\).
\end{proof}

For \(k=0,1,\ldots,p\), define a mixed linear transformation
\[
 b_k=Y^{-k}T\in B_p.
\]
Proposition~\ref{prop:B} shows that \(b_k^p=I\). Expanding its action
on a monomial gives
\begin{align}
 b_k(r^i)&=(1+r)^{-k}\frac{r^i}{(1-r)^{i+1}},\notag\\
 (b_k-I)(r^i)&=(i+1-k)r^{i+1}+O(r^{i+2}).\label{eq:bk}
\end{align}
Starting with \(r^k\) and applying \(b_k-I\) successively \(p-1\)
times, the leading coefficients encountered are \(1,2,\ldots,p-1\).
None vanishes, and their product is \(-1\) by Wilson's theorem.
Higher-degree terms cannot change this leading coefficient, since
each application raises degree by at least one. Therefore
\begin{equation}\label{eq:roots}
 N_{b_k}(r^k)=-r^{p+k-1}+O(r^{p+k}),\qquad 0\leq k\leq p.
\end{equation}
The exponents \(p+k-1\) run through every possible smallest degree
\(p-1,\ldots,2p-1\) in \(W\). Since \(b_k^p=I\),
\eqref{eq:power} realizes each vector in \eqref{eq:roots} as a pure
translation that is a \(p\)-th power. Scaling the input \(r^k\)
realizes every nonzero leading coefficient.

Finally, being a \(p\)-th power is invariant under conjugation, and
\[
 (0,M_q)(w,I)(0,M_q)^{-1}=(qw,I)\qquad(M_q\in U).
\]
Lemma~\ref{lem:orbits} therefore turns these witnesses into every
nonzero translation in \(W\). The zero translation is a power as well.
Together with the nonidentity linear-part cosets, this proves
\(R_p\subseteq\Pset(G_p)\), and hence equality. The group \(R_p\)
is nonabelian by \eqref{eq:shear}, while \(R_p^p=1\), so it is not
powerful. This completes the proof of Theorem~\ref{thm:main}.

\medskip
\noindent\textbf{Remark (\(p=2\)).}
The final question for \(p=2\) also has a negative answer.
The solution comment to Problem~21.137 in \cite[p.~187]{KN} records this
answer and attributes it to a letter of A.~Chang.
The construction in the present paper treats all odd primes.
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"""Exact checks of the formulas used in the rewritten odd-prime proof.

This is an audit at the listed primes, not a replacement for the symbolic proof.
Only standard Python and NumPy are used. No stored group data is read.
"""
from __future__ import annotations
import json
from math import comb
from pathlib import Path
import numpy as np


def power(a: np.ndarray, exponent: int, p: int) -> np.ndarray:
    n = a.shape[0]
    ans = np.eye(n, dtype=np.int64)
    while exponent:
        if exponent & 1:
            ans = (ans @ a) % p
        a = (a @ a) % p
        exponent //= 2
    return ans


def multiplier(q: np.ndarray) -> np.ndarray:
    n = len(q)
    out = np.zeros((n, n), dtype=np.int64)
    for i in range(n):
        out[i:, i] = q[:n-i]
    return out


def inverse_unit(q: np.ndarray, p: int) -> np.ndarray:
    n = len(q)
    out = np.zeros(n, dtype=np.int64)
    out[0] = pow(int(q[0]), -1, p)
    for j in range(1, n):
        out[j] = -out[0] * sum(int(q[i])*int(out[j-i]) for i in range(1,j+1)) % p
    return out


def rank(a: np.ndarray, p: int) -> int:
    a = a.copy() % p
    row = 0
    for col in range(a.shape[1]):
        ix = next((j for j in range(row,a.shape[0]) if a[j,col]),None)
        if ix is None:
            continue
        a[[row,ix]] = a[[ix,row]]
        a[row] = a[row] * pow(int(a[row,col]), -1, p) % p
        for j in range(a.shape[0]):
            if j!=row:
                a[j] = (a[j]-a[j,col]*a[row]) % p
        row += 1
        if row == a.shape[0]:
            break
    return row


def check_prime(p: int) -> dict:
    n = 2*p
    eye = np.eye(n,dtype=np.int64)
    y = eye + np.eye(n,k=-1,dtype=np.int64)
    t = np.array([[comb(j,i)%p if j>=i else 0 for i in range(n)]
                  for j in range(n)],dtype=np.int64)
    assert np.array_equal(power(t,p,p),eye)
    assert np.array_equal(power(y,p*p,p),eye)
    c = power(y,p,p)
    assert not np.array_equal(c,eye)
    roots = []
    for k in range(p+1):
        b = (power(y,(-k)%(p*p),p) @ t) % p
        assert np.array_equal(power(b,p,p),eye)
        norm = np.zeros((n,n),dtype=np.int64)
        for j in range(p):
            norm = (norm+power(b,j,p))%p
        assert np.array_equal(norm,power((b-eye)%p,p-1,p))
        value = norm[:,k]
        expected = p+k-1
        assert all(int(x)==0 for x in value[:expected])
        assert int(value[expected]) == p-1
        roots.append({'k':k,'lowest_degree':expected,'leading_coefficient':int(value[expected])})
    for s in range(1,p):
        norm=power((power(y,s,p)-eye)%p,p-1,p)
        assert not np.any(norm[:p-1])
        assert rank(norm,p)==p+1
    # Directly compare conjugation with the rational multiplier formula.
    for a in range(p):
        ta=power(t,a,p)
        for b in range(p):
            h=np.zeros(n,dtype=np.int64); h[0]=1; h[1]=-b%p
            lhs=ta@multiplier(h)@power(t,(-a)%p,p)%p
            ha=np.zeros(n,dtype=np.int64); ha[0]=1; ha[1]=-a%p
            hab=np.zeros(n,dtype=np.int64); hab[0]=1; hab[1]=-(a+b)%p
            ratio=(multiplier(hab)@inverse_unit(ha,p))%p
            assert np.array_equal(lhs,multiplier(ratio))
    # Surviving shear on W: rank one, and the uppermost monomial is its image.
    dw=(c-eye)[:,p-1:]%p
    assert rank(dw,p)==1 and dw[2*p-1,0]==1
    assert sum(int(v) for v in dw.flat)==1
    # Shorter truncations kill this shear.
    for m in range(1,2*p):
        assert not np.any((c-eye)[:m,p-1:m])
    return {'p':p,'dimension':n,'Y_order':p*p,'T_order':p,
            'mixed_roots':roots,'nonidentity_coset_norms_have_image_W':True,
            'multiplier_conjugation_identities':True,'shorter_truncation_shear_zero':True}


def check_binary() -> dict:
    # D8 element a^i b^j; third coordinate for the swap in D8 wr C2.
    from itertools import product
    d=list(product(range(4),range(2)))
    def md(x,y):
        return ((x[0]+(-1 if x[1] else 1)*y[0])%4,(x[1]+y[1])%2)
    q=list(product(d,d,range(2)))
    def mq(x,y):
        a,b,e=x; c,d_,f=y
        if e:c,d_=d_,c
        return md(a,c),md(b,d_),(e+f)%2
    one=((0,0),(0,0),0)
    def pq(x,n):
        v=one
        for _ in range(n):v=mq(v,x)
        return v
    sq={pq(x,2) for x in q}
    expected={(a,b,0) for a in d for b in d if a[0]%2==b[0]%2 and a[1]==b[1]}
    assert sq==expected and len(sq)==16
    assert all(mq(x,y) in sq for x in sq for y in sq)
    assert all(pq(x,8)==one for x in q)
    assert any(pq(x,4)!=one for x in q)
    assert any(mq(x,y)!=mq(y,x) for x in sq for y in sq)
    return {'group_order':len(q),'exponent':8,'square_count':len(sq),
            'square_set_is_fibre_product_subgroup':True,'square_subgroup_nonabelian':True}

if __name__=='__main__':
    result={'scope':'Exact checks at finite primes; the symbolic proof is the theorem.',
            'odd_prime_checks':[check_prime(p) for p in (3,5,7,11,13,17)],
            'known_binary_wreath_example':check_binary()}
    dest=Path(__file__).with_name('rewritten_21137_checks.json')
    dest.write_text(json.dumps(result,indent=2)+'\n')
    print('ALL CHECKS PASSED; odd primes 3,5,7,11,13,17; binary wreath group order 128')



#!/usr/bin/env python3
"""Exhaustive literal-power-set check of G_3, with additional U-size checks.

This complements the finite-prime matrix-identity checker. It constructs the
linear group from Y,T, iterates each affine map three times, and compares all
59,049 resulting cubes with the claimed subgroup. No stored group table is used.
Python 3 and NumPy are required.
"""
from __future__ import annotations
from collections import deque
from itertools import product
from math import comb
from pathlib import Path
import json,numpy as np
here=Path(__file__).parent
p=3;n=2*p
I=np.eye(n,dtype=np.int64)
Y=I+np.eye(n,k=-1,dtype=np.int64)
T=np.array([[comb(j,i)%p if j>=i else 0 for i in range(n)] for j in range(n)],dtype=np.int64)
key=lambda M:tuple(map(int,M.flat))
group={key(I):I};queue=deque([I])
while queue:
 a=queue.popleft()
 for b in (Y,T):
  z=a@b%p;k=key(z)
  if k not in group:group[k]=z;queue.append(z)
assert len(group)==81
vecs=np.array(list(product(range(p),repeat=n)),dtype=np.int64)
seen=set()
for b in group.values():
 # Iterate each of the affine maps x -> b*x+v on x=0 three times.
 values=np.zeros_like(vecs)
 for _ in range(p):values=(values@b.T+vecs)%p
 linear=I.copy()
 for _ in range(p):linear=linear@b%p
 seen.update((key(linear),tuple(map(int,row))) for row in values)
c=Y@Y@Y%p
c_powers=[I,c,c@c%p]
W=[tuple([0]*(p-1)+list(v)) for v in product(range(p),repeat=p+1)]
expected={(key(b),v) for b in c_powers for v in W}
assert seen==expected and len(seen)==243
# Verify subgroup closure directly among these 243 affine elements.
power_elements=[(np.array(b,dtype=np.int64).reshape(n,n),np.array(v,dtype=np.int64)) for b,v in seen]
for b,v in power_elements:
 for d,w in power_elements:
  assert (key(b@d%p),tuple(map(int,(v+b@w)%p))) in seen
assert any(not np.array_equal((v+b@w)%p,(w+d@v)%p) for b,v in power_elements for d,w in power_elements)

# Enumerate the multiplier group independently as truncated polynomials.
def unit_group(p):
 n=2*p;one=(1,)+(0,)*(n-1)
 gens=[(1,(-a)%p)+(0,)*(n-2) for a in range(1,p)]
 def mul(x,y):return tuple(sum(x[i]*y[j-i] for i in range(j+1))%p for j in range(n))
 out={one};q=deque([one])
 while q:
  x=q.popleft()
  for y in gens:
   z=mul(x,y)
   if z not in out:out.add(z);q.append(z)
 assert len(out)==p**p
 assert len({x[:p+1] for x in out})==p**p
 return {'p':p,'unit_group_order':len(out),'distinct_reductions_mod_r_p_plus_1':len(out)}
units=[unit_group(p) for p in (3,5)]
res={'result':'ALL CHECKS PASSED','prime':3,'linear_group_order':len(group),
     'affine_elements_checked':len(vecs)*len(group),'literal_cube_set_size':len(seen),
     'literal_cube_set_equals_claimed_subgroup':True,'all_cube_set_products_checked':len(seen)**2,
     'cube_subgroup_nonabelian':True,'multiplier_group_enumerations':units,
     'scope':'Exhaustive only for G_3; general odd-prime theorem still uses the printed uniform proof.'}
(here/'power_set_p3_checks.json').write_text(json.dumps(res,indent=2)+'\n')
print(json.dumps(res,indent=2))



{
  "scope": "Exact checks at finite primes; the symbolic proof is the theorem.",
  "odd_prime_checks": [
    {
      "p": 3,
      "dimension": 6,
      "Y_order": 9,
      "T_order": 3,
      "mixed_roots": [
        {
          "k": 0,
          "lowest_degree": 2,
          "leading_coefficient": 2
        },
        {
          "k": 1,
          "lowest_degree": 3,
          "leading_coefficient": 2
        },
        {
          "k": 2,
          "lowest_degree": 4,
          "leading_coefficient": 2
        },
        {
          "k": 3,
          "lowest_degree": 5,
          "leading_coefficient": 2
        }
      ],
      "nonidentity_coset_norms_have_image_W": true,
      "multiplier_conjugation_identities": true,
      "shorter_truncation_shear_zero": true
    },
    {
      "p": 5,
      "dimension": 10,
      "Y_order": 25,
      "T_order": 5,
      "mixed_roots": [
        {
          "k": 0,
          "lowest_degree": 4,
          "leading_coefficient": 4
        },
        {
          "k": 1,
          "lowest_degree": 5,
          "leading_coefficient": 4
        },
        {
          "k": 2,
          "lowest_degree": 6,
          "leading_coefficient": 4
        },
        {
          "k": 3,
          "lowest_degree": 7,
          "leading_coefficient": 4
        },
        {
          "k": 4,
          "lowest_degree": 8,
          "leading_coefficient": 4
        },
        {
          "k": 5,
          "lowest_degree": 9,
          "leading_coefficient": 4
        }
      ],
      "nonidentity_coset_norms_have_image_W": true,
      "multiplier_conjugation_identities": true,
      "shorter_truncation_shear_zero": true
    },
    {
      "p": 7,
      "dimension": 14,
      "Y_order": 49,
      "T_order": 7,
      "mixed_roots": [
        {
          "k": 0,
          "lowest_degree": 6,
          "leading_coefficient": 6
        },
        {
          "k": 1,
          "lowest_degree": 7,
          "leading_coefficient": 6
        },
        {
          "k": 2,
          "lowest_degree": 8,
          "leading_coefficient": 6
        },
        {
          "k": 3,
          "lowest_degree": 9,
          "leading_coefficient": 6
        },
        {
          "k": 4,
          "lowest_degree": 10,
          "leading_coefficient": 6
        },
        {
          "k": 5,
          "lowest_degree": 11,
          "leading_coefficient": 6
        },
        {
          "k": 6,
          "lowest_degree": 12,
          "leading_coefficient": 6
        },
        {
          "k": 7,
          "lowest_degree": 13,
          "leading_coefficient": 6
        }
      ],
      "nonidentity_coset_norms_have_image_W": true,
      "multiplier_conjugation_identities": true,
      "shorter_truncation_shear_zero": true
    },
    {
      "p": 11,
      "dimension": 22,
      "Y_order": 121,
      "T_order": 11,
      "mixed_roots": [
        {
          "k": 0,
          "lowest_degree": 10,
          "leading_coefficient": 10
        },
        {
          "k": 1,
          "lowest_degree": 11,
          "leading_coefficient": 10
        },
        {
          "k": 2,
          "lowest_degree": 12,
          "leading_coefficient": 10
        },
        {
          "k": 3,
          "lowest_degree": 13,
          "leading_coefficient": 10
        },
        {
          "k": 4,
          "lowest_degree": 14,
          "leading_coefficient": 10
        },
        {
          "k": 5,
          "lowest_degree": 15,
          "leading_coefficient": 10
        },
        {
          "k": 6,
          "lowest_degree": 16,
          "leading_coefficient": 10
        },
        {
          "k": 7,
          "lowest_degree": 17,
          "leading_coefficient": 10
        },
        {
          "k": 8,
          "lowest_degree": 18,
          "leading_coefficient": 10
        },
        {
          "k": 9,
          "lowest_degree": 19,
          "leading_coefficient": 10
        },
        {
          "k": 10,
          "lowest_degree": 20,
          "leading_coefficient": 10
        },
        {
          "k": 11,
          "lowest_degree": 21,
          "leading_coefficient": 10
        }
      ],
      "nonidentity_coset_norms_have_image_W": true,
      "multiplier_conjugation_identities": true,
      "shorter_truncation_shear_zero": true
    },
    {
      "p": 13,
      "dimension": 26,
      "Y_order": 169,
      "T_order": 13,
      "mixed_roots": [
        {
          "k": 0,
          "lowest_degree": 12,
          "leading_coefficient": 12
        },
        {
          "k": 1,
          "lowest_degree": 13,
          "leading_coefficient": 12
        },
        {
          "k": 2,
          "lowest_degree": 14,
          "leading_coefficient": 12
        },
        {
          "k": 3,
          "lowest_degree": 15,
          "leading_coefficient": 12
        },
        {
          "k": 4,
          "lowest_degree": 16,
          "leading_coefficient": 12
        },
        {
          "k": 5,
          "lowest_degree": 17,
          "leading_coefficient": 12
        },
        {
          "k": 6,
          "lowest_degree": 18,
          "leading_coefficient": 12
        },
        {
          "k": 7,
          "lowest_degree": 19,
          "leading_coefficient": 12
        },
        {
          "k": 8,
          "lowest_degree": 20,
          "leading_coefficient": 12
        },
        {
          "k": 9,
          "lowest_degree": 21,
          "leading_coefficient": 12
        },
        {
          "k": 10,
          "lowest_degree": 22,
          "leading_coefficient": 12
        },
        {
          "k": 11,
          "lowest_degree": 23,
          "leading_coefficient": 12
        },
        {
          "k": 12,
          "lowest_degree": 24,
          "leading_coefficient": 12
        },
        {
          "k": 13,
          "lowest_degree": 25,
          "leading_coefficient": 12
        }
      ],
      "nonidentity_coset_norms_have_image_W": true,
      "multiplier_conjugation_identities": true,
      "shorter_truncation_shear_zero": true
    },
    {
      "p": 17,
      "dimension": 34,
      "Y_order": 289,
      "T_order": 17,
      "mixed_roots": [
        {
          "k": 0,
          "lowest_degree": 16,
          "leading_coefficient": 16
        },
        {
          "k": 1,
          "lowest_degree": 17,
          "leading_coefficient": 16
        },
        {
          "k": 2,
          "lowest_degree": 18,
          "leading_coefficient": 16
        },
        {
          "k": 3,
          "lowest_degree": 19,
          "leading_coefficient": 16
        },
        {
          "k": 4,
          "lowest_degree": 20,
          "leading_coefficient": 16
        },
        {
          "k": 5,
          "lowest_degree": 21,
          "leading_coefficient": 16
        },
        {
          "k": 6,
          "lowest_degree": 22,
          "leading_coefficient": 16
        },
        {
          "k": 7,
          "lowest_degree": 23,
          "leading_coefficient": 16
        },
        {
          "k": 8,
          "lowest_degree": 24,
          "leading_coefficient": 16
        },
        {
          "k": 9,
          "lowest_degree": 25,
          "leading_coefficient": 16
        },
        {
          "k": 10,
          "lowest_degree": 26,
          "leading_coefficient": 16
        },
        {
          "k": 11,
          "lowest_degree": 27,
          "leading_coefficient": 16
        },
        {
          "k": 12,
          "lowest_degree": 28,
          "leading_coefficient": 16
        },
        {
          "k": 13,
          "lowest_degree": 29,
          "leading_coefficient": 16
        },
        {
          "k": 14,
          "lowest_degree": 30,
          "leading_coefficient": 16
        },
        {
          "k": 15,
          "lowest_degree": 31,
          "leading_coefficient": 16
        },
        {
          "k": 16,
          "lowest_degree": 32,
          "leading_coefficient": 16
        },
        {
          "k": 17,
          "lowest_degree": 33,
          "leading_coefficient": 16
        }
      ],
      "nonidentity_coset_norms_have_image_W": true,
      "multiplier_conjugation_identities": true,
      "shorter_truncation_shear_zero": true
    }
  ],
  "known_binary_wreath_example": {
    "group_order": 128,
    "exponent": 8,
    "square_count": 16,
    "square_set_is_fibre_product_subgroup": true,
    "square_subgroup_nonabelian": true
  }
}



{
  "result": "ALL CHECKS PASSED",
  "prime": 3,
  "linear_group_order": 81,
  "affine_elements_checked": 59049,
  "literal_cube_set_size": 243,
  "literal_cube_set_equals_claimed_subgroup": true,
  "all_cube_set_products_checked": 59049,
  "cube_subgroup_nonabelian": true,
  "multiplier_group_enumerations": [
    {
      "p": 3,
      "unit_group_order": 27,
      "distinct_reductions_mod_r_p_plus_1": 27
    },
    {
      "p": 5,
      "unit_group_order": 3125,
      "distinct_reductions_mod_r_p_plus_1": 3125
    }
  ],
  "scope": "Exhaustive only for G_3; general odd-prime theorem still uses the printed uniform proof."
}



ALL CHECKS PASSED; odd primes 3,5,7,11,13,17; binary wreath group order 128



{
  "result": "ALL CHECKS PASSED",
  "prime": 3,
  "linear_group_order": 81,
  "affine_elements_checked": 59049,
  "literal_cube_set_size": 243,
  "literal_cube_set_equals_claimed_subgroup": true,
  "all_cube_set_products_checked": 59049,
  "cube_subgroup_nonabelian": true,
  "multiplier_group_enumerations": [
    {
      "p": 3,
      "unit_group_order": 27,
      "distinct_reductions_mod_r_p_plus_1": 27
    },
    {
      "p": 5,
      "unit_group_order": 3125,
      "distinct_reductions_mod_r_p_plus_1": 3125
    }
  ],
  "scope": "Exhaustive only for G_3; general odd-prime theorem still uses the printed uniform proof."
}



Kourovka 21.137 — source and verification material

The PDF contains the revised manuscript; the source used to compile it is Kourovka_21.137_solution.tex.

VERIFICATION SCOPE
The matrix and norm identities were checked at p=3,5,7,11,13,17. The separate p=3 checker generates the 81-element linear group, iterates all 59,049 affine elements to their cubes, and compares the literal cube set with the claimed 243-element subgroup. It checks every product of those 243 elements and noncommutativity modulo 3. The multiplier group and injectivity of its reduction are enumerated separately at p=3 and p=5, giving orders 27 and 3,125.
These finite checks do not prove the statement for every odd prime; that conclusion uses the uniform proof in Sections 2-4. The retained original matrix checker also has supplementary tests of the known binary example and shorter truncations, which are not additional claims of the revised manuscript.

REPRODUCTION
Run from this directory with Python 3 (without -O or PYTHONOPTIMIZE).
The Python checkers require NumPy.

python verify_rewritten_21137.py
python verify_power_set_p3.py

All listed commands completed with exit status 0 in this review. Fresh output logs and machine-readable results are included. Rerunning may change timing lines or local paths, without changing the mathematical outputs.

LaTeX: run pdflatex -no-shell-escape -interaction=nonstopmode -halt-on-error Kourovka_21.137_solution.tex at least twice. Embedded PDF attachments are added after compilation; they do not alter the rendered mathematical pages.

The SHA256SUMS manifest identifies the exact attached files. A checksum is not a proof of a mathematical claim.



{
  "problem": "21.137",
  "commands": [
    {
      "problem": "21.137",
      "command": [
        "python",
        "verify_rewritten_21137.py"
      ],
      "exit_code": 0,
      "seconds": 1.171,
      "log": "/mnt/data/kourovka_inclusion_review/21.137/verification.log"
    },
    {
      "problem": "21.137",
      "command": [
        "python",
        "verify_power_set_p3.py"
      ],
      "exit_code": 0,
      "seconds": 1.834,
      "log": "/mnt/data/kourovka_inclusion_review/21.137/power_set_p3_verification.log"
    }
  ],
  "build": {
    "problem": "21.137",
    "pages": 5,
    "warnings": [],
    "ChatGPT_count": 1,
    "acknowledgement_count": 1,
    "unresolved_references": false
  },
  "rendered_pages_visually_inspected": [
    1,
    2,
    3,
    4,
    5
  ],
  "input_pdf_sha256": "f7fa4aebb674b120cd1287d89f634175024148702c686993c44967faa41218e3",
  "acknowledgement": "This work was carried out with assistance from ChatGPT."
}
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