A COUNTEREXAMPLE TO PROBLEM 21.99 OF THE KOUROVKA
NOTEBOOK

KYRYLO MULIARCHYK

ABSTRACT. We construct a finite solvable group with a faithful transitive action of degree
23437500 and distinct points «, 8 such that every element taking a to f fixes exactly one point.
This gives a negative answer to Problem 21.99 of the Kourovka Notebook. The group is an
extension of F3? by a group of order 192. The fixed-point calculation is proved directly on twelve
affine blocks.

1. INTRODUCTION

Question. The following problem appears in the Kourovka Notebook [1, p. 182].

21.99. Conjecture: If G is a transitive permutation group on a finite set €2, then
for any distinct o, 5 in €2 there is an element g € G with o9 = 8 whose number
of fixed points is different from 1.

P. Miiller
The same question is stated in [2, Remark (f)]. Here Fixq(g) denotes the set of points fixed
by g. We give a counterexample, already within the class of solvable groups.
Theorem 1. There is a solvable group G of order 46 875000000 with a faithful transitive action
on a set Q) of size 23437500 and distinct points o, 8 € € such that
| Fixq(h)| =1 for every h € G with o™ = 3.

The set of such transporters has 2000 elements.

The construction uses two six-dimensional modules for a group of order 192. For each prescribed
transporter, four of the twelve normal blocks are invariant. One module rules out two of these
blocks. On the other two, the second module gives exactly one fixed point on one block, while
the vector (1,2) € F2 obstructs a fixed point on the other. All actions are on the right.

2. THE GROUP AND ITS MODULES

Let
P=(nycla'=y' = =1, [nyl=c, [r,d=[y,d=1), [z,y]=a""y "ay.
An explicit model for P is (Z/4Z)? x Z/27, with multiplication
(a,b,d)(a',b',d) = (a+d,b+¥,d+d +bad).
The first two coordinates are taken modulo 4, and the third modulo 2; the elements z,y,c

correspond to (1,0,0),(0,1,0),(0,0,1). In particular, |P| = 32, and its elements have unique
expressions 2%4c%, where 0 < a,b < 4 and 0 < d < 2. Put u = 22 and v = y%. Then

C = Z(P) = (u,v,c) = Cj, P = {c).
Define automorphisms o, 7 by
‘ x Yy c
(1) ol y (ay) ! ¢
T|ave yuv ¢

The coordinate model verifies that 0 = 72 = 1 and o7 = 70. Define Q = P x (0, 7) = P x Cg,
a group of order 192.
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We use the convention ocxo~! =y, and likewise for the other entries in (1). The subgroup
S = (z,v,c) is abelian of order 16. Representatives for S\Q are

(2) rege =ylofre,  tee{0,1}, ke{0,1,2}.
Let U and W be vector spaces over F5 with respective bases eg,...,e5 and fy,..., f5. Set
V =U ® W, and write « = 2 € F5, so that 1> = —1. Define right actions by
il g e | fFff
O] —eo e3 e es| fo tfo
1| es e e es| —fi —tf
(3) 21 e —ex ey es| ifa —ifa
3| e3 e ey eo|—tfs —ufs
4| e —e1 es e | —ify fa
5|—ex es ez ex|—ufs —fs
On the basis of W, the remaining generators act by the permutations
(4) o= (fo fa fO)(fr f3 f5), 7= (fo [i)(f2 f3)(fa [5)-

These operators satisfy the defining relations of P and (1); hence they define Q-modules. In
particular, c acts as —I on U and as I on W.
The three P-invariant summands of U are

(5) U1 = spang, {eo, €3}, Uz = spang, {e1, e4}, Uz = spang, {e2, €5}

The signs of (u,v,c) on these summands are respectively (+,+, —), (+,—,—), (—,+, —). For an
interpretation of W, define the linear character

x:P—TF;,  xx)=1, x(y)=+ x(c)=1

Then W is the module induced from Y, using representatives o*7¢ indexed by 2k+e¢. In particular,

15 = x(s)fo for s € P.

The action of @ on V is faithful. Indeed, the permutation of the W-coordinates first forces
any element of its kernel to belong to P. If z%ybc? acts trivially on U, commuting it with z
and y shows that a, b are even, since ¢ acts nontrivially. It is therefore central, and the three
independent central characters in (5) force it to be the identity.

3. THE COSET ACTION

Define G =V x Q with multiplication
(6) (q,2)(r,2") = (qry2" + 2') (¢,r €Q, 2,2/ €V).
Thus (g, z) acts on V as the affine map b — b7 + z. Put

Ay = spang, {e3, e1 + e4}, Aw = spang_{ fo}, A=Ay @ Aw.
The table shows that A is S-invariant, so
H={(s,a):s€85, ac A} <G
has order 16 - 53 = 2000. Let G act by right multiplication on Q = H\G. Then
|G| =192 - 5'% = 46 875 000 000, Q| = 12 5% = 23437 500.

The group is solvable, because V and @/P are abelian and P is nilpotent.

The action on € is faithful. In fact,

A7 = spang_{eq, e2 + €5, fo}, ANA? =0.

For K = coreg(H) this implies K NV = 1. Since K and V are normal in G, we have
[K,V] < KNV = 1. Faithfulness of the Q-module gives C(V) =V, whence K <V and finally
K =1
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Choose
5

(7) w:€2+265—|—2fj, g:(y7w)? a:Hv B:Hg
j=0

Since y ¢ S, the points «, § are distinct. By (6), their complete transporter set is
(8) Hg={(qw+1¥):q€ Sy, £ €A}

The V-orbits in §2 are indexed by S\Q. The block represented by r € @ is identified with
V/A" by

z+ A" — H(r, z).
It is preserved by (q,b) precisely when rq = sr for some s € S. In that case
H(r, z)(q,b) = H(rq, 27+ b) = H(r, 27+ ).

For a g-invariant subspace X <V, write Ay X = {27 — 2z : 2 € X}. The fixed-point equation on
this block is therefore solvable if and only if
(9) be A"+ A,V.
When it is solvable, the number of fixed points equals | ker(q — I | V/A")|. The equation and its
number of solutions separate across U and W.

4. THE FIXED-POINT CALCULATION

Fix an element of (8). Write its quotient part as
(10) q =z, 0<a<4, be{l,3}, de{0,1}.

Conjugation by o cycles the three nonzero elements xC,yC,zyC of P/C, while 7 and inner
conjugation act trivially on P/C. It follows that among (2), exactly four blocks are fixed by g¢:
all choices of t,e, with k = 2 if a is even and k = 1 if a is odd. All other blocks contribute no
fixed points.

The W-component. The diagonal table (3) shows that ¢ has exactly one fixed coordinate on
W, as follows:

condition ‘ fixed coordinate
a=0 Ja
(11) a=2 5
(a,b) = (1,1) or (3,3) fo
(a,b) = (1,3) or (3,1) f3

Denote this coordinate by f;. Since j ¢ {0,1} and A}, = Aw, the fj-coordinate of w + ¢¥ is
always 1. For r = ryj . we have
Ay = SpanF5{f2k+€}'

Exactly two of the four invariant blocks therefore satisfy A, = spang,{f;}, corresponding to
the two values of ¢ and the appropriate value of €. On these two blocks, ¢ — I is invertible on
W/AY,, so the W-equation has a unique solution for every offset.

On each of the other two invariant blocks, the f;-coordinate survives in the quotient, g acts
identically on it, and the offset is 1. The fixed-point equation is inconsistent. Thus only two
blocks remain to be considered.
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The U-component. On either remaining block put s = rgr=! € S. Since A}, = spang, { f;}
and ¢ fixes f;, we have x(s) = 1. The element s is noncentral, so it has the form aPy%e™ with b
odd. As x(s) = (—1)!, the exponent [ is even. Consequently

(12) s = zhem (h odd).

Both generators of Ay are fixed by x and negated by c. It follows that ¢ acts on Aj; by the
single scalar (—1)™. The two remaining representatives are 7 and yrg, where ro = o*7°. Their
normalized elements are s and ysy~! = sc, by (12). Hence ¢ acts as +1 on one of the two spaces

{r and as —1 on the other.

For every ¢ in (10), we have

@ = uve™.

Its signs on Uy, Us, Us are ((—1)%,—(—1)%1). Thus ¢*> = —I on one summand and ¢> = I on
the other two. Moreover, ¢ anticommutes with = on U, because b is odd and c acts as —I. On
each summand where ¢ = I, the invertible operator z therefore interchanges the +1 and —1
eigenspaces of ¢, which both have dimension one. The remaining summand has no fixed vector.
We conclude that

(13) dim Cy(q) = 2.

On the block where ¢ acts as +1 on Aj;, (13) gives A}, = Cy(q). Since g has order 4, which is
prime to 5, we have

U=_Culq) & A,U.

Thus ¢ — I is invertible on U/A{;. Together with the WW-calculation, this block contributes exactly
one fixed point for every offset in (8).

On the last block, ¢ acts as —1 on Ay}, so
(14) Ay < ALU.
The permitted corrections satisfy

Af; = spang_{eg,e4 —e1} < U1 @ Us.

Their projection to Us is zero. Therefore the Us-component of the offset is always (1,2) in the
ordered basis (ez,e5). On Us, the operators ¢ in (10) are precisely among

-1 0 0 1
(v 1) =0 o)
The possible images A,Us are the four lines

§=0, n =70, §+n=0, §—n=0.
The vector (1,2) lies on none of these lines over F5. By (14), the U-component of the necessary
condition (9) is therefore impossible on this block.
Exactly one block contributes a fixed point, and its contribution is one. This proves the assertion
for every element of the full transporter set (8), and completes the proof of Theorem 1. O

Remark. The finite data were also checked by exact linear algebra in independent Python
implementations. For each of the sixteen elements g € Sy, one invariant block satisfies A"+ A,V =
V; on each other invariant block, w ¢ A"+ A,V + AY. These checks confirm all 2000 transporters
simultaneously. The proof above is independent of the computations and requires no enumeration
of Q.
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\begin{abstract}
We construct a finite solvable group with a faithful transitive action of
degree $23\,437\,500$ and distinct points $\alpha,\beta$ such that every
element taking $\alpha$ to $\beta$ fixes exactly one point. This gives a
negative answer to Problem 21.99 of the Kourovka Notebook. The group is
an extension of $\F^{12}$ by a group of order $192$. The fixed-point
calculation is proved directly on twelve affine blocks.
\end{abstract}
\maketitle

\section{Introduction}
\noindent\textbf{Question.} The following problem appears in the Kourovka Notebook \cite[p.~182]{KN}.

\begin{quote}
\noindent\textbf{21.99.} \emph{Conjecture:} If $G$ is a transitive permutation group on a finite set
$\Omega$, then for any distinct $\alpha,\beta$ in $\Omega$ there is an element
$g\in G$ with $\alpha^g=\beta$ whose number of fixed points is different from $1$.
\par\smallskip\hfill\textit{P. M\"uller}
\end{quote}

The same question is stated in \cite[Remark~(f)]{Mueller}.
Here $\Fix_\Omega(g)$ denotes the set of points fixed by $g$.
We give a counterexample, already within the class of solvable groups.

\begin{theorem}\label{thm:main}
There is a solvable group $G$ of order $46\,875\,000\,000$ with a
faithful transitive action on a set $\Omega$ of size $23\,437\,500$
and distinct points $\alpha,\beta\in\Omega$ such that
\[
  |\Fix_\Omega(h)|=1
  \qquad\text{for every }h\in G\text{ with }\alpha^h=\beta.
\]
The set of such transporters has $2\,000$ elements.
\end{theorem}

The construction uses two six-dimensional modules for a group of
order $192$. For each prescribed transporter, four of the twelve
normal blocks are invariant. One module rules out two of these
blocks. On the other two, the second module gives exactly one fixed
point on one block, while the vector $(1,2)\in\F^2$ obstructs a fixed
point on the other. All actions are on the right.

\section{The group and its modules}

Let
\[
 P=\langle x,y,c\mid x^4=y^4=c^2=1,\ [x,y]=c,\ [x,c]=[y,c]=1\rangle,
 \qquad [x,y]=x^{-1}y^{-1}xy.
\]
An explicit model for $P$ is
$(\mathbb Z/4\mathbb Z)^2\times\mathbb Z/2\mathbb Z$, with multiplication
\[
 (a,b,d)(a',b',d')=(a+a',b+b',d+d'+ba').
\]
The first two coordinates are taken modulo $4$, and the third modulo
$2$; the elements $x,y,c$ correspond to $(1,0,0),(0,1,0),(0,0,1)$.
In particular, $|P|=32$, and its elements have unique expressions
$x^a y^b c^d$, where $0\le a,b<4$ and $0\le d<2$. Put $u=x^2$ and
$v=y^2$. Then
\[
 C=Z(P)=\langle u,v,c\rangle\cong C_2^3,
 \qquad P'=\langle c\rangle.
\]
Define automorphisms $\sigma,\tau$ by
\begin{equation}\label{eq:autos}
\begin{array}{c|ccc}
 &x&y&c\\ \hline
 \sigma&y&(xy)^{-1}&c\\
 \tau&xvc&yuv&c
\end{array}
\end{equation}
The coordinate model verifies that $\sigma^3=\tau^2=1$ and
$\sigma\tau=\tau\sigma$. Define
$Q=P\rtimes\langle\sigma,\tau\rangle\cong P\rtimes C_6$,
a group of order $192$.

We use the convention
$\sigma x\sigma^{-1}=y$, and likewise for the other entries in
\eqref{eq:autos}. \begin{samepage}
The subgroup $S=\langle x,v,c\rangle$ is abelian of order $16$.
Representatives for $S\backslash Q$ are
\begin{equation}\label{eq:reps}
 r_{t,k,\varepsilon}=y^t\sigma^k\tau^\varepsilon,
 \qquad t,\varepsilon\in\{0,1\},\quad k\in\{0,1,2\}.
\end{equation}
\end{samepage}

Let $U$ and $W$ be vector spaces over $\F$ with respective bases
$e_0,\ldots,e_5$ and $f_0,\ldots,f_5$. Set $V=U\oplus W$, and write
$\iota=2\in\F$, so that $\iota^2=-1$. Define right actions by
\begin{equation}\label{eq:modules}
\renewcommand{\arraystretch}{1.15}
\begin{array}{c|rrrr|rr}
 j&e_j^x&e_j^y&e_j^\sigma&e_j^\tau&f_j^x&f_j^y\\ \hline
 0&-e_0&e_3&e_1&e_3&f_0&\iota f_0\\
 1&e_4&e_4&e_2&e_4&-f_1&-\iota f_1\\
 2&e_5&-e_2&e_0&e_5&\iota f_2&-\iota f_2\\
 3&e_3&e_0&e_4&e_0&-\iota f_3&-\iota f_3\\
 4&e_1&-e_1&e_5&e_1&-\iota f_4&f_4\\
 5&-e_2&e_5&e_3&e_2&-\iota f_5&-f_5
\end{array}
\end{equation}
On the basis of $W$, the remaining generators act by the permutations
\begin{equation}\label{eq:Wperms}
 \sigma=(f_0\ f_2\ f_4)(f_1\ f_3\ f_5),\qquad
 \tau=(f_0\ f_1)(f_2\ f_3)(f_4\ f_5).
\end{equation}
These operators satisfy the defining relations of $P$ and
\eqref{eq:autos}; hence they define $Q$-modules. In particular, $c$
acts as $-I$ on $U$ and as $I$ on $W$.

The three $P$-invariant summands of $U$ are
\begin{equation}\label{eq:Udecomp}
 U_1=\Span\{e_0,e_3\},\qquad
 U_2=\Span\{e_1,e_4\},\qquad
 U_3=\Span\{e_2,e_5\}.
\end{equation}
The signs of $(u,v,c)$ on these summands are respectively
$(+,+,-),(+,-,-),(-,+,-)$.
For an interpretation of $W$, define the linear character
\[
 \chi:P\longrightarrow\F^*,\qquad
 \chi(x)=1,\quad\chi(y)=\iota,\quad\chi(c)=1.
\]
Then $W$ is the module induced from $\chi$, using representatives
$\sigma^k\tau^\varepsilon$ indexed by $2k+\varepsilon$. In particular,
$f_0^s=\chi(s)f_0$ for $s\in P$.

The action of $Q$ on $V$ is faithful. Indeed, the permutation of the
$W$-coordinates first forces any element of its kernel to belong to
$P$. If $x^a y^b c^d$ acts trivially on $U$, commuting it with $x$ and
$y$ shows that $a,b$ are even, since $c$ acts nontrivially. It is
therefore central, and the three independent central characters in
\eqref{eq:Udecomp} force it to be the identity.

\section{The coset action}

Define $G=V\rtimes Q$ with multiplication
\begin{equation}\label{eq:product}
 (q,z)(r,z')=(qr,z^r+z')\qquad(q,r\in Q,\ z,z'\in V).
\end{equation}
Thus $(q,z)$ acts on $V$ as the affine map $b\mapsto b^q+z$.
Put
\[
 A_U=\Span\{e_3,e_1+e_4\},\qquad
 A_W=\Span\{f_0\},\qquad A=A_U\oplus A_W.
\]
The table shows that $A$ is $S$-invariant, so
\[
 H=\{(s,a):s\in S,\ a\in A\}\le G
\]
has order $16\cdot5^3=2\,000$. Let $G$ act by right multiplication
on $\Omega=H\backslash G$. Then
\[
 |G|=192\cdot5^{12}=46\,875\,000\,000,
 \qquad |\Omega|=12\cdot5^9=23\,437\,500.
\]
The group is solvable, because $V$ and $Q/P$ are abelian and $P$ is
nilpotent.

The action on $\Omega$ is faithful. In fact,
\[
 A^\sigma=\Span\{e_4,e_2+e_5,f_2\},\qquad A\cap A^\sigma=0.
\]
For $K=\core_G(H)$ this implies $K\cap V=1$. Since $K$ and $V$
are normal in $G$, we have $[K,V]\le K\cap V=1$. Faithfulness of
the $Q$-module gives $C_G(V)=V$, whence $K\le V$ and finally $K=1$.

Choose
\begin{equation}\label{eq:offset}
 w=e_2+2e_5+\sum_{j=0}^5f_j,\qquad g=(y,w),
 \qquad\alpha=H,\quad\beta=Hg.
\end{equation}
Since $y\notin S$, the points $\alpha,\beta$ are distinct. By
\eqref{eq:product}, their complete transporter set is
\begin{equation}\label{eq:transport}
 Hg=\{(q,w+\ell^y):q\in Sy,\ \ell\in A\}.
\end{equation}

The $V$-orbits in $\Omega$ are indexed by $S\backslash Q$.
The block represented by $r\in Q$ is identified with $V/A^r$ by
\[
 z+A^r\longmapsto H(r,z).
\]
It is preserved by $(q,b)$ precisely when $rq=sr$ for some $s\in S$.
In that case
\[
 H(r,z)(q,b)=H(rq,z^q+b)=H(r,z^q+b).
\]
For a $q$-invariant subspace $X\le V$, write
$\Dq X=\{z^q-z:z\in X\}$. The fixed-point equation on this block
is therefore solvable if and only if
\begin{equation}\label{eq:affine}
 b\in A^r+\Dq V.
\end{equation}
When it is solvable, the number of fixed points equals
$|\ker(q-I\mid V/A^r)|$. The equation and its number of solutions
separate across $U$ and $W$.

\section{The fixed-point calculation}

Fix an element of \eqref{eq:transport}. Write its quotient part as
\begin{equation}\label{eq:q}
 q=x^a y^b c^d,\qquad
 0\le a<4,\quad b\in\{1,3\},\quad d\in\{0,1\}.
\end{equation}
Conjugation by $\sigma$ cycles the three nonzero elements
$xC,yC,xyC$ of $P/C$, while $\tau$ and inner conjugation act trivially
on $P/C$. It follows that among \eqref{eq:reps}, exactly four blocks
are fixed by $q$: all choices of $t,\varepsilon$, with $k=2$ if $a$
is even and $k=1$ if $a$ is odd. All other blocks contribute no fixed
points.

\subsection*{The \texorpdfstring{$W$}{W}-component}
The diagonal table \eqref{eq:modules} shows that $q$ has exactly
one fixed coordinate on $W$, as follows:
\begin{equation}\label{eq:fixedW}
\begin{array}{c|c}
 \text{condition}&\text{fixed coordinate}\\ \hline
 a=0&f_4\\
 a=2&f_5\\
 (a,b)=(1,1)\text{ or }(3,3)&f_2\\
 (a,b)=(1,3)\text{ or }(3,1)&f_3
\end{array}
\end{equation}
Denote this coordinate by $f_j$. Since $j\notin\{0,1\}$ and
$A_W^y=A_W$, the $f_j$-coordinate of $w+\ell^y$ is always $1$.
For $r=r_{t,k,\varepsilon}$ we have
\[
 A_W^r=\Span\{f_{2k+\varepsilon}\}.
\]
Exactly two of the four invariant blocks therefore satisfy
$A_W^r=\Span\{f_j\}$, corresponding to the two values of $t$ and
the appropriate value of $\varepsilon$. On these two blocks,
$q-I$ is invertible on $W/A_W^r$, so the $W$-equation has a unique
solution for every offset.

On each of the other two invariant blocks, the $f_j$-coordinate
survives in the quotient, $q$ acts identically on it, and the offset
is $1$. The fixed-point equation is inconsistent. Thus only two
blocks remain to be considered.

\subsection*{The \texorpdfstring{$U$}{U}-component}
On either remaining block put $s=rqr^{-1}\in S$. Since
$A_W^r=\Span\{f_j\}$ and $q$ fixes $f_j$, we have $\chi(s)=1$.
The element $s$ is noncentral, so it has the form
$x^h y^{2l}c^m$ with $h$ odd. As $\chi(s)=(-1)^l$, the exponent
$l$ is even. Consequently
\begin{equation}\label{eq:s}
 s=x^h c^m\qquad(h\text{ odd}).
\end{equation}
Both generators of $A_U$ are fixed by $x$ and negated by $c$.
It follows that $q$ acts on $A_U^r$ by the single scalar $(-1)^m$.
The two remaining representatives are $r_0$ and $yr_0$, where
$r_0=\sigma^k\tau^\varepsilon$. Their normalized elements are
$s$ and $ysy^{-1}=sc$, by \eqref{eq:s}. Hence $q$ acts as $+1$
on one of the two spaces $A_U^r$ and as $-1$ on the other.

\begin{samepage}
For every $q$ in \eqref{eq:q}, we have
\[
 q^2=u^a v c^{ab}.
\]
Its signs on $U_1,U_2,U_3$ are
$\bigl((-1)^a,-(-1)^a,1\bigr)$. Thus $q^2=-I$ on one summand
and $q^2=I$ on the other two. Moreover, $q$ anticommutes with $x$
on $U$, because $b$ is odd and $c$ acts as $-I$. On each summand
where $q^2=I$, the invertible operator $x$ therefore interchanges
the $+1$ and $-1$ eigenspaces of $q$, which both have dimension one.
The remaining summand has no fixed vector. We conclude that
\begin{equation}\label{eq:fixedU}
 \dim C_U(q)=2.
\end{equation}
\end{samepage}

On the block where $q$ acts as $+1$ on $A_U^r$,
\eqref{eq:fixedU} gives $A_U^r=C_U(q)$. Since $q$ has order $4$,
which is prime to $5$, we have
\[
 U=C_U(q)\oplus\Dq U.
\]
Thus $q-I$ is invertible on $U/A_U^r$. Together with the
$W$-calculation, this block contributes exactly one fixed point
for every offset in \eqref{eq:transport}.

On the last block, $q$ acts as $-1$ on $A_U^r$, so
\begin{equation}\label{eq:negative}
 A_U^r\le\Dq U.
\end{equation}
The permitted corrections satisfy
\[
 A_U^y=\Span\{e_0,e_4-e_1\}\le U_1\oplus U_2.
\]
Their projection to $U_3$ is zero. Therefore the $U_3$-component
of the offset is always $(1,2)$ in the ordered basis $(e_2,e_5)$.
On $U_3$, the operators $q$ in \eqref{eq:q} are precisely among
\[
 \pm\begin{pmatrix}-1&0\\0&1\end{pmatrix},\qquad
 \pm\begin{pmatrix}0&1\\1&0\end{pmatrix}.
\]
The possible images $\Dq U_3$ are the four lines
\[
 \xi=0,\qquad\eta=0,\qquad\xi+\eta=0,\qquad\xi-\eta=0.
\]
The vector $(1,2)$ lies on none of these lines over $\F$.
By \eqref{eq:negative}, the $U$-component of the necessary condition
\eqref{eq:affine} is therefore impossible on this block.

Exactly one block contributes a fixed point, and its contribution
is one. This proves the assertion for every element of the full
transporter set \eqref{eq:transport}, and completes the proof of
Theorem~\ref{thm:main}.\qed

\begin{remark}
The finite data were also checked by exact linear algebra in independent
Python implementations. For each of the sixteen elements $q\in Sy$,
one invariant block satisfies $A^r+\Dq V=V$; on each other invariant
block, $w\notin A^r+\Dq V+A^y$. These checks confirm all $2\,000$
transporters simultaneously. The proof above is independent of the
computations and requires no enumeration of $\Omega$.
\end{remark}
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"""Exact F_5 matrix verification of the data in Kourovka_21.99_solution.pdf.

Requires Python 3 and NumPy. Uses the printed right actions on row vectors.
The rank test handles the whole affine transporter coset simultaneously;
it does not enumerate the 23,437,500 points of the permutation action.
"""
from collections import deque
from itertools import product
import json
import numpy as np

P = 5
I = np.eye(12, dtype=np.int64)

def mat(entries):
    a = np.zeros((6, 6), dtype=np.int64)
    for j, (k, c) in enumerate(entries):
        a[j, k] = c % P
    return a

def block(u, w):
    a = np.zeros((12, 12), dtype=np.int64)
    a[:6, :6] = u
    a[6:, 6:] = w
    return a

def mul(a, b):
    return (a @ b) % P

def power(a, n):
    out = I.copy()
    for _ in range(n):
        out = mul(out, a)
    return out

def key(a):
    return tuple(map(int, a.flat))

def closure(gens):
    out = {key(I): I.copy()}
    queue = deque([I.copy()])
    while queue:
        a = queue.popleft()
        for b in gens:
            c = mul(a, b)
            k = key(c)
            if k not in out:
                out[k] = c
                queue.append(c)
    return out

def rank(a):
    a = np.array(a, dtype=np.int64).reshape((-1, 12)) % P
    r = 0
    for c in range(12):
        k = next((k for k in range(r, len(a)) if a[k, c]), None)
        if k is None:
            continue
        a[[r, k]] = a[[k, r]]
        a[r] = (a[r] * pow(int(a[r, c]), -1, P)) % P
        for j in range(len(a)):
            if j != r:
                a[j] = (a[j] - a[j, c] * a[r]) % P
        r += 1
        if r == len(a):
            break
    return r

def equals(a, b):
    return np.array_equal(a % P, b % P)

ux = mat([(0,-1),(4,1),(5,1),(3,1),(1,1),(2,-1)])
uy = mat([(3,1),(4,1),(2,-1),(0,1),(1,-1),(5,1)])
us = mat([(1,1),(2,1),(0,1),(4,1),(5,1),(3,1)])
ut = mat([(3,1),(4,1),(5,1),(0,1),(1,1),(2,1)])
wx = np.diag([1,-1,2,-2,-2,-2]) % P
wy = np.diag([2,-2,-2,-2,1,-1]) % P
ws = mat([(2,1),(3,1),(4,1),(5,1),(0,1),(1,1)])
wt = mat([(1,1),(0,1),(3,1),(2,1),(5,1),(4,1)])
X, Y, Sigma, Tau = (block(a,b) for a,b in [(ux,wx),(uy,wy),(us,ws),(ut,wt)])
C = mul(mul(mul(power(X,3),power(Y,3)),X),Y)
u, v = power(X,2), power(Y,2)
assert equals(power(X,4),I) and equals(power(Y,4),I)
assert equals(C,block(-np.eye(6,dtype=np.int64),np.eye(6,dtype=np.int64)))
assert equals(power(Sigma,3),I) and equals(power(Tau,2),I)
assert equals(mul(Sigma,Tau),mul(Tau,Sigma))
assert equals(mul(mul(Sigma,X),power(Sigma,2)),Y)
assert equals(mul(mul(Sigma,Y),power(Sigma,2)),power(mul(X,Y),3))
assert equals(mul(mul(Tau,X),Tau),mul(mul(X,v),C))
assert equals(mul(mul(Tau,Y),Tau),mul(mul(Y,u),v))
qgroup = closure([X,Y,Sigma,Tau])
sgrp = closure([X,v,C])
assert len(qgroup)==192 and len(sgrp)==16
A = np.vstack((I[3],I[1]+I[4],I[6])) % P
Ay = mul(A,Y)
assert rank(A)==3
assert rank(np.vstack((A,mul(A,Sigma))))==6
for z in sgrp.values():
    assert rank(np.vstack((A,mul(A,z))))==3
w = (I[2]+2*I[5]+sum(I[6:])) % P
reps = [(t,k,e,mul(mul(power(Y,t),power(Sigma,k)),power(Tau,e)))
        for t,k,e in product(range(2),range(3),range(2))]
cosets = [frozenset(key(mul(s,r)) for s in sgrp.values()) for _,_,_,r in reps]
assert len(set(cosets))==12
rows=[]
for a,b,d in product(range(4),[1,3],range(2)):
    q = mul(mul(power(X,a),power(Y,b)),power(C,d))
    assert key(q) in {key(mul(s,Y)) for s in sgrp.values()}
    checks=[]
    for t,k,e,r in reps:
        # rq in Sr is exactly the condition that this block is invariant.
        invariant = key(mul(r,q)) in frozenset(key(mul(s,r)) for s in sgrp.values())
        if not invariant:
            continue
        Ar = mul(A,r)
        D = (q-I)%P
        base = np.vstack((Ar,D))
        base_rank=rank(base)
        if base_rank==12:
            status='one fixed point for every permitted offset'
        else:
            allowed=np.vstack((base,Ay))
            assert rank(np.vstack((allowed,w)))>rank(allowed)
            status='no fixed point for any permitted offset'
        checks.append({'representative':[t,k,e], 'rank_Ar_plus_Delta':base_rank, 'status':status})
    assert len(checks)==4
    assert sum(c['rank_Ar_plus_Delta']==12 for c in checks)==1
    rows.append({'quotient':[a,b,d], 'invariant_blocks':checks})
print(json.dumps({'field':5,'quotient_group_order':len(qgroup),'stabilizer_quotient_order':len(sgrp),
                  'module_dimension':12,'stabilizer_module_dimension':3,
                  'transporter_count':16*5**3,'group_order':192*5**12,'degree':12*5**9,
                  'conclusion':'all 2000 transporters have exactly one fixed point',
                  'checks':rows},indent=2))



#!/usr/bin/env python3
"""Additional exact audit: test each of the 2000 affine transporters.

The printed matrices are loaded from verify_transporter_data.py (which also
reruns its own checks). This checker uses a separate pure-Python row-space
reduction and explicitly checks all 125 offsets for each of 16 linear parts.
It does not enumerate the full permutation domain.
"""
from itertools import product
from pathlib import Path
from collections import Counter
import contextlib,io,json,runpy
here=Path(__file__).parent
with contextlib.redirect_stdout(io.StringIO()):d=runpy.run_path(str(here/'verify_transporter_data.py'))
I,X,Y,C,A,Ay,w,reps,sgrp=[d[k] for k in ['I','X','Y','C','A','Ay','w','reps','sgrp']]
mul,power,key=d['mul'],d['power'],d['key']

def echelon(rows):
 basis={}
 for row in rows:
  row=[int(x)%5 for x in row]
  for pivot,b in sorted(basis.items()):
   coeff=row[pivot]
   if coeff:row=[(a-coeff*c)%5 for a,c in zip(row,b)]
  p=next((i for i,c in enumerate(row) if c),None)
  if p is not None:
   inv=pow(row[p],-1,5);basis[p]=[(inv*c)%5 for c in row]
 return sorted(basis.items())

def contains(basis,row):
 row=[int(x)%5 for x in row]
 for p,b in basis:
  coeff=row[p]
  if coeff:row=[(a-coeff*c)%5 for a,c in zip(row,b)]
 return not any(row)

offsets=[(w+sum((coeff*row for coeff,row in zip(cs,Ay)),0))%5 for cs in product(range(5),repeat=3)]
assert len({tuple(v) for v in offsets})==125
hist=Counter();blocks_checked=0
for a,b,e in product(range(4),(1,3),range(2)):
 q=mul(mul(power(X,a),power(Y,b)),power(C,e))
 block_data=[]
 for _,_,_,r in reps:
  if key(mul(r,q)) not in {key(mul(s,r)) for s in sgrp.values()}:continue
  Ar=mul(A,r)
  space=echelon(list(Ar)+list((q-I)%5))
  block_data.append(space)
 assert len(block_data)==4
 for offset in offsets:
  total=sum(5**(12-len(space)) for space in block_data if contains(space,offset))
  hist[total]+=1;blocks_checked+=len(block_data)
assert hist=={1:2000}
res={'result':'ALL CHECKS PASSED','transporters_checked':2000,'individual_block_tests':blocks_checked,
     'fixed_point_count_histogram':dict(hist),'linear_quotient_order':192,'action_degree':12*5**9,
     'scope':'All affine transporters checked by exact quotient linear equations; no full-domain enumeration.'}
(here/'all_transporter_checks.json').write_text(json.dumps(res,indent=2)+'\n')
print(json.dumps(res,indent=2))



{
  "field": 5,
  "quotient_group_order": 192,
  "stabilizer_quotient_order": 16,
  "module_dimension": 12,
  "stabilizer_module_dimension": 3,
  "transporter_count": 2000,
  "group_order": 46875000000,
  "degree": 23437500,
  "conclusion": "all 2000 transporters have exactly one fixed point",
  "checks": [
    {
      "quotient": [
        0,
        1,
        0
      ],
      "invariant_blocks": [
        {
          "representative": [
            0,
            2,
            0
          ],
          "rank_Ar_plus_Delta": 12,
          "status": "one fixed point for every permitted offset"
        },
        {
          "representative": [
            0,
            2,
            1
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            1,
            2,
            0
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            1,
            2,
            1
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        }
      ]
    },
    {
      "quotient": [
        0,
        1,
        1
      ],
      "invariant_blocks": [
        {
          "representative": [
            0,
            2,
            0
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            0,
            2,
            1
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            1,
            2,
            0
          ],
          "rank_Ar_plus_Delta": 12,
          "status": "one fixed point for every permitted offset"
        },
        {
          "representative": [
            1,
            2,
            1
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        }
      ]
    },
    {
      "quotient": [
        0,
        3,
        0
      ],
      "invariant_blocks": [
        {
          "representative": [
            0,
            2,
            0
          ],
          "rank_Ar_plus_Delta": 12,
          "status": "one fixed point for every permitted offset"
        },
        {
          "representative": [
            0,
            2,
            1
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            1,
            2,
            0
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            1,
            2,
            1
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        }
      ]
    },
    {
      "quotient": [
        0,
        3,
        1
      ],
      "invariant_blocks": [
        {
          "representative": [
            0,
            2,
            0
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            0,
            2,
            1
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            1,
            2,
            0
          ],
          "rank_Ar_plus_Delta": 12,
          "status": "one fixed point for every permitted offset"
        },
        {
          "representative": [
            1,
            2,
            1
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        }
      ]
    },
    {
      "quotient": [
        1,
        1,
        0
      ],
      "invariant_blocks": [
        {
          "representative": [
            0,
            1,
            0
          ],
          "rank_Ar_plus_Delta": 12,
          "status": "one fixed point for every permitted offset"
        },
        {
          "representative": [
            0,
            1,
            1
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            1,
            1,
            0
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            1,
            1,
            1
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        }
      ]
    },
    {
      "quotient": [
        1,
        1,
        1
      ],
      "invariant_blocks": [
        {
          "representative": [
            0,
            1,
            0
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            0,
            1,
            1
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            1,
            1,
            0
          ],
          "rank_Ar_plus_Delta": 12,
          "status": "one fixed point for every permitted offset"
        },
        {
          "representative": [
            1,
            1,
            1
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        }
      ]
    },
    {
      "quotient": [
        1,
        3,
        0
      ],
      "invariant_blocks": [
        {
          "representative": [
            0,
            1,
            0
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            0,
            1,
            1
          ],
          "rank_Ar_plus_Delta": 12,
          "status": "one fixed point for every permitted offset"
        },
        {
          "representative": [
            1,
            1,
            0
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            1,
            1,
            1
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        }
      ]
    },
    {
      "quotient": [
        1,
        3,
        1
      ],
      "invariant_blocks": [
        {
          "representative": [
            0,
            1,
            0
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            0,
            1,
            1
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            1,
            1,
            0
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            1,
            1,
            1
          ],
          "rank_Ar_plus_Delta": 12,
          "status": "one fixed point for every permitted offset"
        }
      ]
    },
    {
      "quotient": [
        2,
        1,
        0
      ],
      "invariant_blocks": [
        {
          "representative": [
            0,
            2,
            0
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            0,
            2,
            1
          ],
          "rank_Ar_plus_Delta": 12,
          "status": "one fixed point for every permitted offset"
        },
        {
          "representative": [
            1,
            2,
            0
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            1,
            2,
            1
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        }
      ]
    },
    {
      "quotient": [
        2,
        1,
        1
      ],
      "invariant_blocks": [
        {
          "representative": [
            0,
            2,
            0
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            0,
            2,
            1
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            1,
            2,
            0
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            1,
            2,
            1
          ],
          "rank_Ar_plus_Delta": 12,
          "status": "one fixed point for every permitted offset"
        }
      ]
    },
    {
      "quotient": [
        2,
        3,
        0
      ],
      "invariant_blocks": [
        {
          "representative": [
            0,
            2,
            0
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            0,
            2,
            1
          ],
          "rank_Ar_plus_Delta": 12,
          "status": "one fixed point for every permitted offset"
        },
        {
          "representative": [
            1,
            2,
            0
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            1,
            2,
            1
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        }
      ]
    },
    {
      "quotient": [
        2,
        3,
        1
      ],
      "invariant_blocks": [
        {
          "representative": [
            0,
            2,
            0
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            0,
            2,
            1
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            1,
            2,
            0
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            1,
            2,
            1
          ],
          "rank_Ar_plus_Delta": 12,
          "status": "one fixed point for every permitted offset"
        }
      ]
    },
    {
      "quotient": [
        3,
        1,
        0
      ],
      "invariant_blocks": [
        {
          "representative": [
            0,
            1,
            0
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            0,
            1,
            1
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            1,
            1,
            0
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            1,
            1,
            1
          ],
          "rank_Ar_plus_Delta": 12,
          "status": "one fixed point for every permitted offset"
        }
      ]
    },
    {
      "quotient": [
        3,
        1,
        1
      ],
      "invariant_blocks": [
        {
          "representative": [
            0,
            1,
            0
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            0,
            1,
            1
          ],
          "rank_Ar_plus_Delta": 12,
          "status": "one fixed point for every permitted offset"
        },
        {
          "representative": [
            1,
            1,
            0
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            1,
            1,
            1
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        }
      ]
    },
    {
      "quotient": [
        3,
        3,
        0
      ],
      "invariant_blocks": [
        {
          "representative": [
            0,
            1,
            0
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            0,
            1,
            1
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            1,
            1,
            0
          ],
          "rank_Ar_plus_Delta": 12,
          "status": "one fixed point for every permitted offset"
        },
        {
          "representative": [
            1,
            1,
            1
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        }
      ]
    },
    {
      "quotient": [
        3,
        3,
        1
      ],
      "invariant_blocks": [
        {
          "representative": [
            0,
            1,
            0
          ],
          "rank_Ar_plus_Delta": 12,
          "status": "one fixed point for every permitted offset"
        },
        {
          "representative": [
            0,
            1,
            1
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            1,
            1,
            0
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        },
        {
          "representative": [
            1,
            1,
            1
          ],
          "rank_Ar_plus_Delta": 10,
          "status": "no fixed point for any permitted offset"
        }
      ]
    }
  ]
}



{
  "result": "ALL CHECKS PASSED",
  "transporters_checked": 2000,
  "individual_block_tests": 8000,
  "fixed_point_count_histogram": {
    "1": 2000
  },
  "linear_quotient_order": 192,
  "action_degree": 23437500,
  "scope": "All affine transporters checked by exact quotient linear equations; no full-domain enumeration."
}



{
  "result": "ALL CHECKS PASSED",
  "transporters_checked": 2000,
  "individual_block_tests": 8000,
  "fixed_point_count_histogram": {
    "1": 2000
  },
  "linear_quotient_order": 192,
  "action_degree": 23437500,
  "scope": "All affine transporters checked by exact quotient linear equations; no full-domain enumeration."
}



Kourovka 21.99 — source and verification material

The PDF contains the revised manuscript; the source used to compile it is Kourovka_21.99_solution.tex.

VERIFICATION SCOPE
The original matrix verifier reconstructs the quotient of order 192 and checks the modules, subgroup, block action and all linear transporter cases. The additional checker uses a separately implemented row-space routine and explicitly tests all 2,000 affine transporters (8,000 invariant-block tests). Every transporter has exactly one fixed point. This is exact linear algebra in the block quotients; the 23,437,500-point permutation domain is not enumerated.

REPRODUCTION
Run from this directory with Python 3 (without -O or PYTHONOPTIMIZE).
The Python checkers require NumPy.

python verify_transporter_data.py
python verify_all_transporters.py

All listed commands completed with exit status 0 in this review. Fresh output logs and machine-readable results are included. Rerunning may change timing lines or local paths, without changing the mathematical outputs.

LaTeX: run pdflatex -no-shell-escape -interaction=nonstopmode -halt-on-error Kourovka_21.99_solution.tex at least twice. Embedded PDF attachments are added after compilation; they do not alter the rendered mathematical pages.

The SHA256SUMS manifest identifies the exact attached files. A checksum is not a proof of a mathematical claim.



{
  "problem": "21.99",
  "commands": [
    {
      "problem": "21.99",
      "command": [
        "python",
        "verify_transporter_data.py"
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