AN ARITHMETIC CRITERION FOR ORTHOGONAL BASES
OF CYCLIC RATIONAL LATTICES

ABSTRACT. For a € Q", we give a finite arithmetic criterion for Z" + Za to have an orthogonal
integral basis. The test examines primitive integer directions of squared length at most the least
common denominator of a, using two divisibility conditions and a count. Its proof computes the
exact lattice spacing on each rational line and identifies the rank-one orthogonal factors. This
addresses the literal criterion requested in Kourovka Problem 9.45; no efficiency or priority claim
is made.

1. THE CRITERION

Problem 9.45 of the Kourovka Notebook [2] reads:
Let a be a vector in R™ with rational coordinates and set
S(a) ={ka+b|keZ, beZ"}.

It is obvious that S(a) is a discrete subgroup in R™ of rank n. Find necessary and
sufficient conditions in terms of the coordinates of a for S(a) to have an orthogonal
basis with respect to the standard scalar product in R™.

Yu. D. Popov, I. V. Protasov
Assume n > 1 and write L = Z" + Za. Write each coordinate a; = p;/r; in lowest terms, with
rj >0and r; =1if a; = 0. Set
q=1lem(ry,...,m), c=qa €.

For a primitive integer vector u = (uy,...,u,), meaning ged(uq, ..., u,) = 1, put
n
D(u) = ZU?, t(u) = ged(q, {ciuj — cju; : 1 <i < j<n}).
j=1

Gecds are positive; the ged of ¢ and an empty list is g. Define the finite set
0 U(a) ={ueZ": ged(ur,...,up) =1, 1<D(u)<gq,
D(u) [ t(u), gD(u) | t(u)(c,u)}.
Theorem 1. The lattice L has an orthogonal Z-basis if and only if |U(a)| = 2n. Always |U(a)| <
2n. When equality holds, choose one representative u'”) from each pair {u,—u} in U(a). Then
(4)
u

b= ey dsisn)

is an orthogonal Z-basis of L.

This is a condition solely in the coordinates of a: it requires geds, divisibility and a count in
the fixed box |u;| < |\/g]. It makes no claim of polynomial complexity. For n = 1, it gives
U(a) = {—1,1}, t = q and the basis 1/q. For integral a, it gives ¢ =1 and U(a) = {£e; : 1 < j <
n}, where e; are the standard coordinate vectors. In dimension zero the empty basis settles the
question separately.

Bardakov’s known sufficient condition is that the reduced coordinate denominators be pairwise
coprime [1, §4, Proposition 1]. The criterion here imposes no such hypothesis and allows all
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rational directions. Its proof uses elementary integer arithmetic and orthogonal projection, with
every required implication proved below. The contribution under review is the explicit gcd-of-
minors formula and direction count. The earlier paper Cyclic lattices by Popov and Protasov
[3] has been identified bibliographically, but its original text was unavailable for comparison.
Accordingly, originality remains provisional; no first-algorithm claim is made.

2. EXACT SPACING ON A RATIONAL LINE

By the choice of reduced denominators, ¢ is the least positive integer with ga € Z™. Thus L/Z™
is cyclic of order g, the residue of ¢ modulo ¢ has order ¢, and ged(q,c1,...,¢,) = 1. Indeed, a
common divisor greater than one would produce a smaller common denominator. Membership is
given by

(2) z/[ge L <= z=kc (mod q) for some k € Z (zeZ").

Lemma 2. For each primitive u € Z",
LNRu=Z—.
t(u)
Proof. Choose integers v; with 3°; vju; = 1. If Au € L, then gAu is integral, so g\ = >~ vj(glu;) €
Z. The allowed scalars therefore form a subgroup between Z and (1/¢)Z. Such a subgroup is
(1/s)Z for some divisor s of q. Put t = t(u).

Since u/s € L, there is k € Z with (¢/s)u = ke (mod ¢). Primitivity makes the order of
the residue on the left exactly s, whereas that of kc is ¢/ ged(q, k). Hence k = (q/s)k’ with
ged(K',s) = 1. Dividing the congruence gives v = k’¢ (mod s). Thus s divides every minor
ciuj — cju;, and s | t.

Conversely, put p =}, vjc;j. For each i, the defining congruences for ¢ give

¢ — pu; = Zvj(ciuj —cju;)) =0 (mod t).
J

A prime dividing both p and ¢ would divide ¢ and every ¢;, which is impossible. Thus choose
h € Z with hp =1 (mod t). Then he = u (mod t), so h(q/t)c = (¢/t)u (mod q). By (2), u/t € L.
Since the scalar subgroup is (1/s)Z, this says t | s. Consequently s = ¢, including when ¢t = 1. [

3. ORTHOGONAL FACTORS AND PROOF OF THE CRITERION

For a full lattice M C R"™, define
M*={yeR": (y,z) € Z for all x € M}.
A nonzero b € M generates a rank-one orthogonal direct factor exactly when b* = b/(b,b) lies in
M*. In fact, for € M the coefficient (b*,x) is then integral, and subtracting (b*, x)b gives
M =17Zb 1 (Mnb).

Conversely, this decomposition forces every such coefficient to be an integer. For our particular
lattice, its generators give directly
(3) L*={yeZ":{c,y) =0 (mod q)}.

Lemma 3. Ifb,d € M\ {0} and both b/(b,b) and d/{d,d) belong to M*, then either b L d or
d = =+b.

Proof. The numbers o = (b, d)/(b,b) and 8 = (b,d)/(d, d) are integers. If (b,d) # 0, then Cauchy—
Schwarz gives

2
(.02 _

0ol = nyida ="
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Thus af = 1, so both integers are 1 or both are —1. Equality in Cauchy—Schwarz makes b, d
proportional, giving d = +b. ]

Proof of Theorem 1. Fix a primitive u and abbreviate D = D(u), t = t(u). Lemma 2 gives
b=u/t € L, and
tu
b=
D
Primitivity implies b* € Z" exactly when D | ¢: necessity follows by applying a Bézout combination
of the coordinates of u to the integers tu;/D. Subject to this, (3) gives

b*el* <« q|({t/D){c,u) <= gD |t{c,u).

These are precisely the divisibility conditions in (1). They imply D <t < ¢, so the norm bound
discards no such factor.

Conversely, any generator b of a rank-one orthogonal direct factor of L is rational, hence parallel
to a primitive integer u. Its integral projection coefficients imply LNRb = Zb. Lemma 2 therefore
forces b = +u/t(u). Thus the pairs {u, —u} in U(a) parametrize exactly these factors. Lemma 3
makes distinct directions perpendicular, so there are at most n pairs and |U(a)| < 2n.

If equality holds, the n resulting vectors b; are nonzero and pairwise perpendicular, hence a
real basis. For x € L, its real basis coefficients are (x,b;)/(b;, b;), all integers since b} € L*.
Consequently the b; form a Z-basis of L. Conversely, in an orthogonal Z-basis each of these
coefficients is integral for every « € L. Each basis vector therefore generates a rank-one orthogonal
direct factor and contributes one pair to U(a). The bound already proved gives |U(a)| =2n. O

OPEN QUESTIONS

The criterion answers the question for every dimension and denominator. It leaves algorithmic
efficiency and a classification without bounded integer quantifiers open. A primary-text compari-
son with the identified 1985 Popov—Protasov paper is still needed to settle the priority question.

METHODS AND Al DISCLOSURE

This draft was assembled with gpt-6-astra in Codex from an internal proof candidate. The
original argument passed two independent adversarial reviews and a separate citation audit. In-
dependent Python and GAP calculations corroborated exact finite cases; no computation is a
premise of the proof. Source notes, reviews and transcripts are preserved in the accompanying
repository under problems/9.45/. The primary text of Popov—Protasov (1985) was not obtained,
so originality remains provisional. This is an internal candidate awaiting human assessment, with-
out a claim of publication or editor acceptance.
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